ON THE INELASTIC 2-SOLITON COLLISION FOR GKDV EQUATIONS 
WITH GENERAL NONLINEARITY 



CLAUDIO MUNOZ C. 

Abstract. We study the problem of 2-soliton collision for the generalized Korteweg-de Vries 
equations, completing some recent works of Y. Martel and F. Merle 1241 1251 . We classify the 
nonlinearities for which collisions are elastic or inelastic. Our main result states that in the case 
of small solitons, with one soliton smaller than the other one, the unique nonlinearities allowing 
a perfectly elastic collision are precisely the integrable cases, namely the quadratic (KdV), cubic 
(mKdV) and Gardner nonlinearities. 



1. Introduction and Main Results 

In this work we consider the generalized Korteweg-de Vries eguation (gKdV) on the real hne 

ut + {u^x + f{u))^:,^0, inMtxR^. (1) 

Here u = u(t, x) is a real-valued function, and / : K. ^ M a nonlinear function, often refered as 
the nonlinearity of ([1]). This equation represents a mathematical generalization of the Korteweg-de 
Vries equation (KdV), namely the case /(s) = s^, 

ut + {uxx + y?)x = 0, in M( X Mj;; (2) 

other physically important cases are the cubic one /(s) — s"^, and the quadratic- cubic nonlinearity, 
namely /(s) — s^~fis^, ^ e E. In the former case, the equation ([T]) is often refered as the (focusing) 
modified KdV equation (mKdV), and in the latter, it is known as the Gardner equation. 

Concerning the KdV equation, it arises in Physics as a model of propagation of dispersive long 
waves, as was pointed out by J. S. Russel in 1834 [57]. The exact formulation of the KdV equation 
comes from Korteweg and de Vries (1895) [15J. This equation was re-discovered in a numerical 
work by N. Zabusky and M. Kruskal in 1965 S^. 

After this work, a great amount of literature has emerged, physical, numerical and mathemat- 
ical, for the study of this equation, see for example [SJ [T31 [301 HB M UHl [H]- Although under 
different points of view, among the main topics treated are the following: existence of explicit 
solutions and their stability, local and global well posedness, long time behavior properties and, 
of course, related generalized models, hierarchies and their properties. 

This continuous, focused research on the KdV equation can be in part explained by some 
striking algebraic properties. One of the first properties is the existence of localized, rapidly 
decaying, stable and smooth solutions called solitons. Given three real numbers tQ,xo and c > 0, 
solitons are solutions of ([2]) of the form 

uit, x) := Q,{x - xo - c{t - to)), Qcis) := cQ{c^^^s), (3) 

and where Q satisfies the second order nonlinear differential equation 

Q"-0 + Q2 = o, Qix)^- 

2 cosh (^x) 
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The 3-parameter family of solitons ([3]) contains three important symmetries of the equation, 
namely scaling and translation in space and time invariances. From the Noether theorem, these 
two last symmetries are related to conserved quantities, invariant under the KdV flow, usually 
called Mass and Energy, represented below in (O-® (in a general form). Moreover, due to the 
mass and energy conservation, the Sobolev space i/^(R) appears as an ideal space to study long 
time properties of KdV. 

Even more striking is the fact that KdV, mKdV and the Gardner equation, being infinite 
dimensional dynamical systems, possess an infinity number of conserved quantities, a consequence 
of the so-called complete integrability property. This one is closely related to the existence of a 
Lax pair for these equations (see Lax, [TT]). Another important property is the following well 
known fact: given any Schwartz initial data, the corresponding solution to the Cauchy problem 
for ^ exists globally in time and decouples, as t —f +00, into a radiation part going leftward plus 
a nonlinear multisoliton component going to the right, see [31] . 

The dynamical problem of 2-soliton collision is a classical problem in nonlinear wave propagation 
(see [21] for a review and references therein). By 2-soliton collision we mean the following problem: 
given two solitons, solutions of ([T]), largely separated at some early time and having different 
velocities, we expect that they have to collide at some finite time. The resulting solution after 
the collision is precisely the object of study. In particular, one considers if any change in size, 
position, or shape, even destruction of the solitons, after some large time, may be present. 

Let us review some relevant works in this direction. First, the works of Fermi, Pasta and Ulam 
[7] and Zabusky and Kruskal f34' exhibited numerical results showing a remarkable phenomena 
related to solitons collision. More precisely, they put in evidence the elastic character of the 
collision between two solitons. By elastic we mean that collision keeps the solitons unchanged and 
does not produce any residual term of positive mass for large times. The unique consequence of the 
collision is a shift translation on each soliton, depending on their sizes. Next, the work of Lax [17j 
developed a mathematical framework to study these problems. After this, the inverse scattering 
method (we refer e.g. to [1] and [27j for a review) provided explicit formulas for A'^-soliton solutions 
(Hirota [in])- Indeed, let ci > C2 > and 61,62 G M be arbitrary given numbers. There exists an 
explicit solution U = Uci^ciit,^) of ^ which satisfies 

2 2 
U(t,-)~y^Qc-(--c,t-6i) — > 0, U(t,-)~y^Qc (--cA~6'A — > 0, (4) 

for some 6'- such that the shifts Aj = 5'^ — 6j depend only on Ci , C2 . This solution, called 2-soliton, 
represents the pure collision of two solitons, with no residual terms before and after the collision. 
In other words, the collision is elastic. 

These properties are also vaHd for the cubic mKdV, (see [I], p. 390) and for the Gardner 
equation (see [H [32] and references there in). In particular, complete integrability and elastic 
collisions are still present. Let us recall that for the Gardner equation 

ut + {uxx + - ^^u^)x = 0, (5) 
given /X G R, soliton solutions exist for all c > in the case fi < 0, and provided c < if 
H > 0. These solutions are explicit and given by u{t, x) — Qfj„c{x — ct), where Q^.c is the Schwartz 
function [32] 

Q,A^)--= .^ \. r- y p:=(1-|h'/'- (6) 
1 + pcosh[y/cx) 2 

In particular, no soliton-solution exists provided /i > 0, and c > large enough, where the 

character of the equation becomes defocusing. 

We point out that these techniques are known to be too rigid to be applied to more general 
models, and have no equivalent for the case of the gKdV equation ([1]) with a general nonlinear- 
ity. The first purpose of this paper is to confirm this belief under reasonable hypothesis on the 
nonlinearity: the collision of two solitons is not elastic in general, except by KdV, mKdV and 
the Gardner equations. Before establishing our main result we explain the framework where the 
problem must be posed. 
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The complete integrability property has been studied in many other differential equations, as 
NLS, KPI, Benjamin-Ono, etc.; see for example [I]. In particular, when complete integrability is 
lost, very little is known. We mention the recent works of Perelman |29j, Holmer, Marzuola and 
Zworski [Til [121 US] and Abou Salem, Frohlich and Sigal |3] on the problem of 2-soliton collision for 
the nonlinear Schrodinger equation (NLS) under the action of a potential and considering higher 
velocities. 

1.1. Setting and hypothesis. Let us come back to the general equation ([T|). Assume that 
the nonlinearity / e C'^(M). The Cauchy problem for equation ([T|) (namely, adding the initial 
condition u{t = 0) = uo) is locally well-posed for uq £ H^{M.) (see Kenig, Ponce and Vega [16]). 

For H^{M.) solutions, in the general case, unlike the integrable cases, only the following two 
quantities are conserved by the flow: 

M{t):= [ u^{t,x)dx::^ [ ul{x)dx ^ M{0), (Mass), (7) 
Js. Jr 

and 

E{t) \ I ul{t,x)dx~ I F{u{t,x))dx 
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iuo)iix) dx ~ / F{uoix)) dx - E{0), (Energy) (8) 



where we have denoted 



F{s) / f{a) da. (9) 







In the case of a pure power /(s) = s™, m < 5, any H^{M.) solution is global in time thanks 
to the conservation of energy ([S|). For m — 5, solitons are shown to be unstable and the Cauchy 
problem for the corresponding gKdV equation has finite-time blow-up solutions, and see [21] and 
references there in. It is believed that for m > 5 the situation is the same. The origin grosso 
modo of this instability comes from the lack of control for the injection iJ^(R) L^iM) for p > 5. 
Indeed, from the Galiardo-Nirenberg inequality 

' \vr'<c{p){l v^y-^if vi)'-^^ 

valid for any v G H^{M.), one can see that the energy ([5]) cannot be controlled by the usual 
_ff ^-norm. Consequently, in this work, we will discard high-order nonlinearities at leading order. 
Indeed, we will consider nonlinearities / of the form 

/eC"+2(M), f{u):=u"' + f,{u), 2,3,4, with lim - 0. (10) 

s^O \s\ 

Moreover, using stability properties of the solitons, we will have only global in time solutions, 
namely u(t) g H'^{R) for all time t e M. 

The positive sign leading in front of / (see ([TO]) ') allows the existence of solitons for ([2T]) of the 
form 

u{t, x) :— Qc{x — xo — ct), 

with c > small enough and xq € R, where the function Qc satisfies the elliptic equation 

Qc+fiQc)^cQc, QceH^iR). (11) 

From Berestycki and Lions [4] and ([T]), it follows that there exists c*(/) > (possibly +oo) defined 
by 

c*(/) sup{c > such that for all c' € (0, c), exists Qc' positive solution of ([TT]) }. 

For all c > 0, if a solution Qc > of ()lip exists then it can be chosen even on M and exponentially 
decreasing on R+ (and similarly if Qc < 0). Moreover, in [22], the authors have showed that 
< c < c*(/) is a sufficient condition for asymptotic stability in the energy space around the 
soliton Qc, see also Proposition 13.31 for details. 



4 



2-soliton collision for gKdV equations 



Finally, in this paper, we consider only nonlinear stable solitons in the sense of Weinstein |33| . 
i.e. such that 

/ Ql,{x)dx > 0. (12) 

dC J c' — c 

Note that since m = 2, 3, 4 in pO)) . this condition is automatically satisfied for c > small enough 
(in the pure power case /(s) — s™, this condition is satisfied for any c > provided to < 5, see 

m)- 

1.2. Previous analytic results on 2-soliton collision in non-integrable cases. As pointed 
out in [21j, the problem of describing the collision of two traveling waves or solitons is a general 
problem for nonlinear PDEs, which is almost completely open, except in the integrable cases 
described above. On the other hand, these problems have been studied since the 60's from both 
experimental and numerical points of view. 

We deal with these questions for ([1]) with a general nonlinearity f{u) in a particular setting: we 
consider two positive solitons Qci, Qc2i < C2 < ci < c,,{f), and we assume C2 small compared 
with ci. 

Under these assumptions, Martel and Merle [24] considered the collision problem for ([28]) in the 
quartic case, /(s) — s^, with one soliton small with respect to the other. They showed that the 
collision is almost elastic, but inelastic, by showing the nonexistence of pure 2-soliton solution. 

Theorem 1.1 (Non-existence of a pure 2-soliton solution, quartic case IMI)- Let f{s) := and 
< c := ^ < 1. There exists a constant cq > such that if c < cq then the following holds. Let 
u{t) G H^{M.) be the unique solution of |iy such that 

lim \\u{t) ~ Qci- - cit) - Qc^i- - C2t)\\^i,^. = 0. (13) 
Then there exist > > and constants Tq^K > large enough such that 

w+{t, •) := u{t, •) - g^+(- -x+- c+t) - g^+(- - 4 - c+t) 

satisfies 

(1) Support on the left of solitons. 

lim ||w"''(t)|| „, , ^1 = 0. 

(2) Parameters perturbation. The limit scaling parameters and satisfy 

1 n c'f 11 ,1s ct 1 

— cB < -t 1 < i^c 6 , and — < 1 < Kc^^ . 

K ci K c 

In particular, c^ > ci and c J < C2 - 

(3) Non zero residual term. For every t > Tq, the adapted H^-norm of (t) satisfies 

-icpcra < \\w+{t)\\^2^^)+Vc^\\w+{t)\\^2^^^ < KcfcT^. 

Remark 1.1. The existence and uniqueness of the solution of JT]) satisfying (|13p was proved in [12]. 

Remark 1.2. Note that ||Qc2 lli/i(M) ^ ^ Kc^^ > ||w+(t)||^2(jj-) for c small. In other words the 
defect w"i" is really small compared with . 

The next question arising from this result is to generalize these results to ([T]) under assumption 
(fTU|) . In this case, Martel and Merle [5S] proved that the collision is still stable, giving upper 
bounds on the residual terms appearing after the collision. In particular, their result extends the 
positive part of Theorem 11.11 

Theorem 1.2 (Behavior after collision of a pure 2-soliton solution, 25 ). 

Let f satisfying (jlOp . Let < C2 < Ci < c*(/) be such that the positive solution Qc^ of (jlip 
satisfies (I12p . Then there exists Cq = co(ci) G (0, ci) such that if C2 < co(ci) then the following 
holds. Let u(t) be the solution of (I2ip satisfying 

lim \\u{t)-QcA--cit)-Qc2{--C2t)\\H^,^R)=Q. (14) 
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Then, there exist pi{t), p2{t), > > and K > such that 

w+(i,x) u{t,x) - Q^+{x- pi{t)) - Q^+{x- p2{t)) 

satisfies supjg^ \\w+ {t)\\Hi(M) < KC2'' and for q = q„i ■= + \, 

lim ||t«+WllHi(x>J,c.t) =0, limsup (t)llHi(K) <ifcr^"™, (15) 

lim \p',{t)-c+\ + \p'2{t)-4\^Q. (16) 

Moreover, limt_^+oo -^'(''^'^(O) =■ a^^f^ limt^+oo /][j(w+)^(i) =: M+ eajzst and the following 
hounds hold 

i limsup / {{wtf + C2(u;+)^)(i) < 2E+ + C2Af+ < liminf / {{wtf + 2c2(w+)^)(i)- (17) 

Finally, the limit parameters and satisfy the following bounds 

1 c+ 

— {2E+ + C2M+) < ^ - 1 < K{2E+ + C2M+), (18) 
K ci 

and 

—cl^^2E+ + ciM+) <!- — < Kcl^^{2E+ + ciM+). (19) 

K C2 

Remark 1.3. In Theorem 11.21 if c'^ = ci and = C2 (or equivalently E^ — A/+ = 0), then the 
solution u{t) is a pure 2-soliton solution and the collision is elastic. 

In [5S] , the question of whether the collision is elastic or inelastic in the general case -and thus 
the nonexistence of pure 2-soliton solutions- was left open, see [3S], Remark 1. More precisely, 
the authors conjectured a classification result concerning the nonlinearities f{s) allowing small 
stable solitons. This affirmation asserts that under reasonable stability properties, the unique 
nonlinearities for which any 2-soliton collision is pure are the integrable cases, f{s) — s^, /(s) = s'^ 
and a linear combination of both nonlinearities. Theorem 11.11 from f24i was the first step in this 
direction. By extending some techniques from [24| . |25| and developping new computations, we 
are able to provide a satisfactory answer to this open question. 



1.3. Main results. Consider the framework introduced in Thcorcm ll.2l In addition to this result, 
we have the following 

Theorem 1.3 (Non-existence of pure 2-soliton solution, general case). Let f be as in UU\) . with 
m — 2 or 3, and 

feCP+\m.), f^P\Q)j^O for some p > A. (20) 

For < C2 ^ ci ^ 1 equation (QJ) has no pure 2-soliton solution of sizes Ci,C2. In particular 
Theorem \1.2\ holds with c'^ > c\ and c^ < C2 . 

Remark 1.4. The nonzero condition /(^HO) 7^ for some p > 4 rules out the integrable cases 
/(s) = s™, TO = 2 or 3 and the Gardner nonlinearity /(s) = s"^ — /is^. 

Remark 1.5. We do not treat the degenerate cases f{s) — s'" + /i(s), for /i(s) 7^ but f'f\o) = 
for all p > 4. These cases seem to be not physically relevant. 

Remark 1.6. The result of Theorem 11.31 in the quartic case m — 4 follows directly from the proof 
of Theorem 11.11 in [24j together with the techniques used in the present paper. This remark and 
Theorem 1 1 . 31 allow to classify the nonlinearities for which 2-soliton collision is elastic. In particular, 
with the restriction mentioned in Remark 1 1.51 we obtain that pure 2-soliton solutions are present 
for any pair of solitons with different velocities if and only if f corresponds to the integrable cases, 
/(s) = s^, s^ and linear combinations. We recall that for m > 5 in pop . solitons have been shown 
to be unstable (see [B]). It is believed that collision may produce blow-up solutions in finite time. 
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Theorem 11.31 is a consequence of the foUowing reduction of the problem. Let p be the smallest 
integer greater or equal than 4 satisfying ([^0)1 . Let ci > small. Consider the transformation 

uit, x) :— "'"^ u(c]^ t, Ci ^2;), 

which maps {x — Cit) to Q{x — t) and Qc2{x — C2t) to Qc{x — ct), with c := If w = uit, x) 
is solution of ([1]) then u is solution of the equation 

iut + {Uxx + f{u))x = 0, 

[with f{u) := u"^ + A(u), Mu) c7^/i(cf^«). 
Note that /i satisfies ([TU]). Then, for the case m = 3, /i can be expanded as 

where e := ^/i (0)0^^ is small and /i satisfies the decay relation lims^o |s|^^/i(s) = 0. 
For the quadratic case, we need more care because of the Gardner nonlinearity. We have 

= cr2[i/f)(0)(ciu)3 + i/(^)(0)(ciur + O((ci^iri) 
L6 p\ 

6 p\ 

where e := ^/l''^(0)c?"^ 7^ by hypothesis, and ^(e) := ^/f ^(0)ci = /te^^, A G Here both 

e and /i are small (depending on ci) and /i satisfies the decay relation limg^o 1^1^^/1(5) ~ 0. 
Note that in this framework, the quadratic case can be seen as a particular case of the Gardner 
nonlinearity, for which /i = 0. 

Finally, we drop the tilde on u and / and the hat on /i. We are now reduced to the e-dependent 
equation 

Ut + {Uxx + I{u))x = 0, (21) 

where ^(e) = ile~ , /t € M, 

/ = A E /(„) ^ t r/r rf " ^ w - «, (22, 

I^M-^ + euP + £^p-3/i(u), m = 3, s-^o jsj'^ 

and e is small, and p > 4. For notational commodity we will skip the e-dependence on the functions 
considered along this work, except in some computations performed in Appendix IB] Lastly, note 
that for £ small Q and Qc satisfy see also Remark 1 3. 2 1 

In this framework, we now claim the main result of this paper: 

Theorem 1.4 (Non-existence of pure 2-soliton solution, general case). 

Suppose TO = 2, 3 and f satisfying i2S^) for p> A. There exists a constant Eq > Q such that if 

0<|£|<eo, and < c < |£|'""^+* , (23) 
then the following holds. Let u(t) be solution of \21\) satisfying 

lim ||u(t)-Q(--i)-Qc(--ci)||^i(K) =0, (24) 

there exist K^Tq > such that 

(1) Non zero residual term. There exist pi{t), p2{t), > > such that 
w+{t) := u{t, x) - Q^+ix - pi{t)) - Q^+{x - p2{t)) 
satisfies, for every t > Tq, 

^]imJ\w+it)\\Hi^x>±,ct)^0, (25) 



Claudio Munoz 



7 



and for q = + \, 

;^k|c'+^ < <i^|e|c'. (26) 

(2) The asymptotic scaling parameters cf and satisfy 

le^c^g+i < c+ - 1 < Ke^c^i^ and 
K 

-s^c"^+i < 1 ~ ^ < Ke^c''''-i. (27) 
K c 

Before sketching the proof of this Theorem, some remarks are in order. 

Remark 1.7 (Comments on the assumptions). In the present paper, as in [241 125j . we study the 
collision of two solitons Qd and ■ The assumption C2 small allows to linearize in C2 , and then to 
reduce the non existence of a pure 2-soliton solution to the computation of a coefficient depending 
only on ci. For general /, as in (jlOp . and general ci > 0, it is an open question to compute 
this coefficient, see Remark 12.71 (for p — A, a, special algebraic structure allowed to compute this 
coefficient, see [H]). 

According to this, we compute the asymptotics of this coefficient as ci is small (or equivalent, 
e is small), see Appendix [Bl This is the only place where e small is needed. This asymptotic 
allows us to conclude under the additional restriction < c < |e|™~^^25 (^ggg Proposition [2TTl] and 
estimate (llOSp ). The exponent ^ has no special meaning, and can be taken as small as we want, 
as long as c is taken even smaller. 

Two open questions then arise: 

(1) Can we relax in (|23|) the second condition on c? 

(2) For general /, do there exist special values of ci for which the coefficient is zero? The 
residue from the collision would then be of smaller order in C2. 

Remark 1.8. For m = 2, the smoothness condition allows nonlinearities of type f{s) — 
+ I's^^'^sP, with p > 4 (possibly non integer). For m = 3, the same conclusion follows for 
nonlinearities of the type /(s) = s"^ + es^, p = A and p > 5 (possibly non integer). See also 
Appendix [X] and final remarks in Appendix [B] 

Remark 1.9. Although this theorem asserts that collision is indeed inelastic, near-elastic, the 
appearance of smaller solitons on the left of the solitons is not discarded by our proof, and (pS)) . 
However, we believe that, at least under the condition of Theorem II. 4[ there are no such small 
solitons. 

1.4. Sketch of the proof. Our proof will follow closely the approach described by Martel, Merle 
and Mizumachi [24l [25l [26] . The argument is as follows: we consider the solution (unique, see 
[TO] ) u{t) of (PT|) satisfying at time t ~ —oo. Then, we separate the analysis among three 
different time intervals: t ^ — c~2 ^ \t\ < c~^ and <C t. On each interval the solution possesses 
a specific behavior which we briefly describe: 

(1) {t <C — c^^). In this interval of time we prove that u{t) remains close to a 2-soliton solution 
with no changes on scaling and shift parameters. This result is possible for negative long 
enough times, such that both solitons are still far from each other, and is a consequence 
of [19^. 

(2) {\t\ < c~2). This is the interval where solitons collision leads the dynamic of u{t). The 
novelty in the method is the construction of an approximate solution of (|21|) with high 
order of accuracy such that (a) at time t ~ — c~2 this solution is close to a 2-soliton 
solution and therefore to u{t), (6) it describes the 2-soliton collision in this interval, (c) 
at time t ^ c^^, when solitons are sufficiently separated, it possesses an extra, nonzero, 
residual term product of the collision, and characterized by a number d{e) ^ (cf. (|56p - 
(|57|) ). and {d) it is possible to extend the solution u{t) to the whole interval [— c^,c^] 
being still close to our approximate solution, uniformly on time, modulo modulation on 
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a translation parameter. This property confirms that our Ansatz is indeed the correct 
approximate solution describing the collision. 
(3) > c-5) Here some stability properties (see Proposition 13. 3p will be used to establish 
the convergence of the solution u{t) to a 2-soliton solution with modified parameters. 
Moreover, by using a monotony argument, it will be possible to show that the residue 
appearing after the collision at time t ^ c~2 is still present at infinity. This gives the 
conclusion of the Theorem. 

The plan of this paper is as follows. In Section 2 we construct the aforementioned approximate 
solution and compute the error term produced in terms of a set of linear problems. Then we solve 
such linear systems and finally we give the first basic estimates concerning this solution. We finally 
prove that it is indeed close to a 2-soliton solution. In section 3 we construct an actual solution 
u close to the approximate solution for small times, and state some stability results to study the 
long time behavior of the solution u. Finally, in section 4, we prove Theorem using above results. 



2. Construction of an approximate 2-soliton solution 

The objective of this section is to construct an approximate solution of the gKdV equation (PT|) . 
which will precisely describe the collision of two solitons. Hereafter, we assume the hypothesis of 
Theorem ll.4l We suppose both solitons are positive (the negative case, for m = 3, can be treated 
in the same way). 

Secondly, note that Q and Qc have velocity (and size) 1 and c respectively; so that working 
with u{t, X + t) instead of u{t, x) we can assume that the great soliton Q is fixed at x = and the 
small soliton has velocity c — 1 < 0. Of course, v{t,x) := u{t,x -\- 1) satisfies now the translated 
equation 

vt + {v^x-v + J{v))^=0 onMtxR^. (28) 

Finally, denote 

Tc := c"^~TTO > 0. (29) 

This quantity can be understood as the time of interaction between the two solitons. The exponent 
yip can be replaced by any small positive number without relevant modifications. 

The following result deals with the problem of describing the collision in the interval of time 

Proposition 2.1 (Construction of an approximate solution of the gKdV equation). Let m = 2, 3 
and f as in (2^. There exist constants Cq = Co(/) > and Kq = i^o(/) such that for all < c < cq 
there exists a function u — ui^c{t,x) such that the following hold: 

(1) Approximate solution on [—Tc^TrJ\. For all t G [—Tc,T^, 

\\Ut + {UxX - U + /(tt))a;||^2(R) < XqC^^^. 

(2) Closeness to the sum of two solitons: For all time t G [— Tc,Tc], the function u belongs to 
H^(M.) and satisfies 

\\u{t) - Q{x ~a) - Qdx c)i)|l/fi(R) < Kqc^ , 

where a — a(t,x) is a smooth bounded function, to be defined below, see I131\) . 

Remark 2.1. The proof of this proposition requires several steps, starting in Subsection 12.11 to 
finally ending in Subsection 12. 3i Proposition 12.101 However, the proof is intuitively clear to 
describe: our approximate solution will consists of a linear combination of a nonlinear basis 
well behaved under the gKdV flow, together a variable decomposition resembling the classical 
separation of variables from second order linear PDEs. This description was first introduced by 
Martel and Merle ^1]. pS]. 

First of all we explain how the approximate solution is composed. We follow [24] . 
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2.1. Decomposition of the approximate solution. We look for u{t,x), the approximate so- 
lution for earring out a specific structure. We first introduce a set of indices, depending on 
the cases we deal with. Let 

S2 :={(fc,0 = (l,0), (1,1), (2,0), (2,1), (1,2), (3,0)}, 

for the quadratic case (m — 2), and 

E3 :={(fc,0 = (1,0), (1,1), (2,0), (2,1), (3,0), (4,0)}, 

for the cubic one (m = 3). 

We recall now an order relation for indices (fc, I), {k' , I') e introduced in [21]. We say that 

\ k' < k and Z' < /, or , ^ 

ik'J'XikJ) if and only if < , , " (30) 

We set two variables denoting the position of each soliton. For the small soliton, let 
Vc ■= x + {l- c)t and Rc[t, x) := QdVc), 

and for the great soliton, 

y:=x-a{yc) and R{t, x) := Q{y), 

where for (afe,;)(fe,OGS,„ , 



v{s) / (3{s')ds', Pis) := ^ 



aMc'Qe(s)- (31) 

The correction term a is intended to describe the shift on the position of the great soliton. 
Note that a might be nonzero even in the integrable case, see Moreover, in the quartic case 
m = 4, e — 0, one has \a\ — > +00 as c ^ 0, see [H]. Along this work a will be a bounded function, 
uniformly on c. 

The form of u{t, x) is, as it should be expected, the sum of the two soliton plus a correction 
term: 

u{t,x):=Q{y) + Q,iyc) + W{t,x), (32) 

wit,x):^ ^ (Q'jyMkAy) + iQcnyc)BkAy)) , (33) 

where ak,i, A^^i, B^^i are unknowns to be determined. 

The motivation in [25 for choosing W of the form ([55)1 is precisely the closeness of the family 
of functions 

{c'Qt c'(Q^)', k>l,l>Q] (34) 

under multiplication and differentiation, due to the specific form of the equation of Qc (see Lemma 
2.1 in 24J). In the case of equation (|28p . for a general nonlinearity this structure is preserved up 
to a lower order term (see Lemma lA.2p . 

We want to measure the size of the error produced by inserting u as defined in in the 

equation P5|) . For this, let 



S[u][t,x) ut + {uxx -u + f{u))x- (35) 
Our first result in the above direction is the following 
Proposition 2.2 (Decomposition of S{u)). Let 

Lw := —Wyy + w — f'{Q)w. (36) 
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Then, 

S[u]{t,x)^ J2 c'Q'^M[akA-3Q + 2f{Q)y{y)~{£Ak,iny)+Fk,i{y) 

(fc,Oes,„ 

+ E ^'iQcnyc)[akA'3Q")iy) + (SA',', + f'iQ)Akj) {y) - {CBkj)'{y) + Gkjiv) 

(/c,i)eE„ 
+ £{t, x) 

where Fk^i, Gk.i and £ satisfy, for any {k,l) G 

(i) Dependence property of Fk i and Gk i • The expressions of F^ i and Gk i depend only on 
{ak-,i-), {Ak.,v), {Bk-,v) for{k',l') <\k,l). 

(ii) Parity property of F^j and Gkj: Assume that for any {k' ,1') such that {k' ,1') < {k,l) 
Ak' J' is even and Bk' is odd, then Fk^i is odd and Gk^i is even. 

Moreover, Fi_q = {f'iQ))' and Gi.o = f'{Q), and higher order terms are given in 
AvvendixVS[ 

(iii) Estimate on £ : Assume both {Ak^ and {Bk.i) hounded, and (A'^, ;) G 3^ for (fc, I) G 
Tim- Then there exists k > such that for all j — 0, 1, 2, and for every {t, x) G [—Tc, Tc\xR, 

\di£{t,x)\<^^c"'-'Q,{y,). 

Remark 2.2. Note that {£w)y, as defined in ([M)) . represents the linear operator associated to the 
gKdV equation ([28]). Thus, the expression for S[u] above stated can be seen as a generahzation 
of the linearized gKdV equation, with the addition of some correction terms. 

Proof. We postpone the proof of the Proposition 12. 2i merely calculative, to Appendix [XI We note 
that this Proposition has been already stated in [25 , but here we will need an improved version, 
describing explicitly every term Fk Gfc ; up to a fixed high order. For the details, see Appendix 

H ' ■ □ 

Note that if we want to improve the approximation u, the unknown functions Ak^i and Bk^i for 
a fixed [k, I) must be chosen satisfying a sort of modified linear gKdV system where the source 
terms are composed of preceding, well-known, Ak'^i' and Bk'^i' functions. Indeed, if we choose 
(formally) Ak.i and Bk,i such that for any (fc, I) G Sm 



ink,i) 



{CAk,iy + okA^Q - '2.f{Q)y = Fk,i, 

^^ {CBk,i)' + 3afc,,g" - iAii - f{Q)Akj = Gk,u 
then the error term will be reduced to the quantity 

S[u] = £{t, x). 

Of course the solvability theory for the linear systems {^lk,i) and the measure of this error term 
must be stated in a rigorous form. This will be established in the following section. 

2.2. Resolution of linear systems (flk.i)- First, we recall some preliminary notation and results 
from 24J. We denote by y the set of C°° functions / such that 

Vj G N, 3Kj, rj > 0, Vx G M, \f^^\x)\ < K^l + |a;|)'''e-l^l. (37) 

We recall some well-known results concerning a resonance function and the operator C. 

Claim 1 (!25]). The function (p{x) = — %(x} "-"^"^ ^^'^ satisfies: 

(i) lima;^-oo y:>ix) = -1; lima;^+oo ^(x) = 1; 

(ii) Va; G M, \ip'{x)\ + \<f"{x)\ + \'P^^Kx)\ < Ce-I^L 

(iii) ^'G3^, {l~^^)ey. 

Lemma 2.3 (Properties of £, see [2S]). The operator £ defined in i^(R) by ([5^ has domain 
H^{M.), is self-adjoint and satisfies the following properties: 

(i) There exist a unique Ao > 0, xo G H^{M.), xo > such that Cxo = — AoXo- 
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(ii) The kernel of C is {XQ' , X e K}. Let AQ £Qc\c=i, then C{AQ) = -Q. 

(iii) (Inverse) For all h G L^(]R) such that Jj^hQ' = 0, there exists a unique h G _ff^(R) such 
that J^hQ' = and Ch = h; moreover, if h is even (resp. odd), then h is even (resp. 
odd). 

(iv) For h e H'^(R), Ch £ y implies hey. 

(v) ( Coercivity) If Q^~_^ > then there exists > such that if 
wQc = / wQ'^ ^ then / {wl + cw^ - f'{Qc)w^) > X, u? . 



(vi) There exist unique even solutions P and P of the ordinary differential equations 

CP = 3Q" + f'{Q)Q, Pey, (38) 

CP - f'iQ), Pey. (39) 
Moreover, P -{xQ' + AQ + Q). 

Remark 2.3. Item (vi) from above Lemma is new; the proof follows directly from (ii), (iii) and 
(iv). On the other hand, for general nonlinearities P is not explicit. 

2.2.1. Existence theory for a model problem. We recall that linear systems {^k,i) £^re very similar 
and then proving existence reduces to prove the result for a model problem. This idea comes from 
|24j . but we will need a simplified version, from |26j . 

Proposition 2.4 (Existence for a model problem, see [25]). Let Fey, odd, and Gey, even. 
Let 7, K G M. Then, there exist a,b e A e y even, and Bey odd, such that 

A^A + j, and B = B + bip + kQ' 



satisfy 



Moreover, 



and 



r {CAY +ai3Q-2fm' = F, 

\ (CB)' + 3aQ" - 3A" - f'{Q)A = G 



/r AQQ Im Ir ^ Im la ^ 



P + a AQ- F P+ G . (41) 



Proof. We give a sketch of the proof for the sake of completeness. The original result comes from 
[25] , and here it is even simpler since we deal only with F,G e y. 

Set A := A + ^ , B := B + bip, where 7 is given, while 6 is a parameter to be found. Since 
(£1)' = (1 - fiQ))' = -{f{Q))\ we obtain the following system for A, B: 

( {CAY + a{3Q ~ 2f{Q)Y = F + 7(/(Q))', 

\ {CBY + iaQ" - 3I" - f'{Q)A - G + 7/'(Q) - b{C^Y ■ 

Note that F e 3^ is odd, therefore T-L{x) — F{z)dz + jfiQ) belong to y and is even. By 
integration of the first line, we are reduced to solve 

r CA + a{3Q-2f{QY)=n, 

\ {CBY + iaQ" - 3I" - f'{Q)A = G + 7/'(Q) - b{C^Y ■ 

Since J^Ti-Q' = (by parity) and H e y, hy Lemma [231 there exists Hey, even, such that 
CH = H. ^ 

Define P to be the unique even solution of 

£p = 3g~2/(Q), Pey. 
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Indeed, P has an explicit formula 

P = -{xQ' + AQ), with C{AQ) ^ -Q. (42) 

It follows that A := —aP + H is even, belongs to y and solves the first line of the previous system. 
Note that at this stage, the parameters a and b are still free. 

Now, we only need to find Bey, odd, such that {CB)' = —aZo + D — 6(£(p)', where 

D 3i?" + f'{Q)H + G + 7/'(Q) e 3^, even, Zq := 3Q" + 3P" + f'{Q)P £ y, even. 

Let 

E := {D - aZa)iz)dz - bCip. 
Jo 

This function a priori is in L°°(R), independent of a, b. 

Claim 2. There exist numbers a and b such that E £ y and / EQ' — 0. 

Assuming Claim [2l we fix a, 6 so that E ^y and J^EQ' — 0. It follows from Lemma [2.31 that 
there exists B G y, odd, such that CB = E. The final solution is then given by A := A + j and 
B := B + b(p + kQ' , where k is a free parameter, because CQ' = (see Lemma [2731 (ii)). 

Proof of Claim\^ First, we check a sort of non-degeneracy condition, namely that ZqQ ^ 0. 
Indeed, by 



/ ZoQ = -3 / Q'2 + / LPP = -3 / g'2 + / P(3Q - 2/(g)). 

Jk Jr Jr jr Jr 

We recall now the following auxiliary result. 
Claim 3 ([25], Claim 2.2). We have 

3 / - / (3Q - 2/(g))P = /" AQQ ^ 0. 

JR JR JR 



Remark 2.4. Indeed, 



^R ^ 

thanks to (jl2p provided e small enough (independent of c 



>0, 

c=l 



Let us continue with the proof of Claim [2l By the preceding result, it suffices to choose 
J DQ f+°° 

a := -J — , and 5 / (^ ^ aZo){z)dz (note that lim±oo Cf — lini±oo = ±1)- This finishes 
Jr ^og Jo 

the proof of Claim [21 □ 



We return to the proof of Proposition l2.4l Now we find the constants a and b in terms of known 
quantities in (il). First, we multiply the equation of i? by g and use CQ' — 0. We get 

-3a f Q'^= f {3Q" + f'{Q)Q)A+ f GQ 

JR jR jR 

= I {CA)P+ [ GQ. 
Jr Jr 

Second, we multiply the equation of A by J^^ P{s) ds. We obtain 

/ (CAY r P = - f {CA)P + j f P 
Jr. Jo Jr Jr 

f {3Q-2f{Q))P+ f F f P 
Jr Jr Jo 

Thus, combining the two identities, we get: 

-aU f Q''~ f (3g - 2/(g))F| f P+ f GQ^ f F r P 
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and the expression for a follows from Claim [31 

To find out b, we integrate the equation for B in over R to obtain 



2b ^ / f'{Q)A+ / G. (43) 



Now we consider P the function defined in ([5^ . We multiply the equation for A by J^^ P{s) ds 
and then we integrate. We get 

/ /'(Q)^ = 7 f [ P{3Q~2f{Q))~ [ F T P. 

Jr Jr Jr. Jr Jo 

Now, note that 

/ P(3g-2/(Q))= [ CPP^ [ P/'(Q)- [ P{1-C1) = f P- f (3g-2/(Q)). 
Jr Jr Jr Jr Jr Jr 



From (|42)) we replace the explicit value of P and we use the equation satisfied by Q, namely 
Q" - Q + fiQ) = 0, to obtain 



/ P(3Q-2/(Q)) = - / AQ. 
Jm. Jr 



With a previously known we replace this quantity in to obtain (HI]). This finishes the proof. 

□ 

We have now a good solvability theory for the linear systems (fife,;), that avoids the emergency 
of linearly growing solutions at this order. As an example, the general theory constructed in [53] 
for the quartic KdV equation deals with possibly growing solutions, see [24] Proposition 2.3. 

Here, for each system {ilk.i), (k, I) G '^m, we will look for solutions such that 

Ak,i ^ Akd +^k.i, Bkj ^ Bk,i +bkjip + KkjQ', akj,bk.hKk,i (44) 

where Akj G 3^ is even and Bkj G 3^ is odd. (see Proposition [2TlO] for a justification of this choice). 

This election will have several good properties, but we will emphasize a crucial one. Let 
{k, I) € Sm fixed. We say that (fc, I) satisfies the (IP) property (IP = important property) if and 
only if 

Any derivative of Ak.i or Bk.i is a localized 3^-function. 
Moreover, for {k, I) — {1, 0) we have Ai^ e y. 

This property, although depending on the specific pair {k,l), will be useful to quickly discard 
localized terms composing Fk.i,Gk.i, and seeing essentially the bounded but non localized terms. 
Indeed, note that thanks to Claim [1] any solution as in (|^ satisfies this property. For the details, 
see Appendix [XI 

We start by solving the first system. 



(IP) 



2.2.2. Resolution of the system (fJi o). From Proposition [2?2] (ii) the system (rii,o) is given by 

(£^1,0)' = -aM3Q - 2/(Q))' + (/'(Q))', (45) 
(£i3i,o)' = SA'lo + f'iQ)Ai,o - 3ai,oQ" + /'(Q) (46) 
This first system is easily solvable, as shows the following 

Lemma 2.5 (Resolution of (fJi^o)). There exists a solution (Alq, Bi,Oi oi.o) of |/^5[ j- |^6] ) of the 
form and such that Ai^g E y is even (and 71^0 — Bi^q is odd and oi^Oj^i.o o,re given by 
the formulae 

Moreover, Ai^ is given by 

Ai,o = P-ai,oA (48) 
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(cf. 145^ , o.i^d i39\) ). Finally, we choose Bi q such that / Q'Bi q = 0. 

Jm 

Remark 2.5. Note that from the value of P = —{xQ' + AQ) and (|48p we get 

bi.o = ^[ai,o Q+ Ai,o\. (49) 

Proof. Note that both (/'(Q))' and f'{Q) are odd and even J^-functions respectively, so thanks 
to Proposition [2111 a solution with the desired properties does exist. We will chose 71 q := 0. The 
value of aifi and 61^0 comes from pn)) -(PT |) . after some simple computations. These computations 
have been carried out in [25] . but by completeness we rewrite them. Indeed, note that we only 
need to verify that 

/ r{Q){Q+p) = - f AQ. 

In fact, from ([551) . the explicit value of P and Claim [^751 fill . we have 



f'iQKQ + P) = - I nQ){xQ' + AQ) = / /(Q) - / (1 - Cl)KQ = / (/(Q) - Q) 

JM JM JM JM 



AQ, 



but /(Q) — Q = — Q", so we are done. 

On the other hand, note that £(1 + P) = 1, thus 



/ /'(Q)(P + 1)= / CP{l + P)^ [ PI. 

JR JR JR 



This give finally the expected value of 61, o- 

Finally, the constant ki^q in the expression of Pi,o is a free parameter that we will fix such 
that /][jPi,oQ' = for convenience in some future computations (see Proposition 12 .41 and l|185p in 
Appendix [B| . We have 

= / Q'Pi,o= / Pi.oQ' + foi.o / ^Q' + ni,o [ Q". 

JR JR JM JM 

where we can obtain ki,o. □ 

2.2.3. Resolution of the system (^22,0)- From Proposition IA.II (iii) in Appendix [XI the system 
{^2,0) is given by 

(/:A2,o)' = a2,o(3Q - 2/(Q))' + Ps.o, (50) 
{CB^fiY = SA'l^ + /'(Q)^2,o - 3a2,oQ" + 62,0 (51) 
where the source terms are given by 

(1) Case m ~ 2, 

P2,o = -(3A'i,o + 3P;',o + /'(Q)5i,o) + ^(/"(Q)(2Ai,o + A?,o))' 

-ai,o(3A'/^o -Q + /'(Q)(l + ^1.0))' + 3a?_oQ(3) + i(/"(Q) - 2)', (52) 

and 

G2,o = i(/"(Q)-2)-(^i,o + 3PlJ + i/"(Q)(2Ai,o + A2o) + ^a?^oQ" 

-^«i,o(9A;_o + 3Pi'_o + /'(Q)Pi,o)' + ^(/"(Q)(Si,o + ^i,oi?i,o))'. (53) 

(2) Case m — 3, 

F2,o = (^/"(Q)(l + Ai,o)')' + 3a?,oQ(3) - ai,o(/'(Q) + 3A'(o + /'(Q)Ai,o)' (54) 
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and 

^2,0 



-/"(g)(l + ^1,0)' + -4fiQ" - :.ai,o(9^'i,o + + /'(Q)^i,o)' 



-(/"(Q)(l + Ai,o)Bi,o)'. 



(55) 



There exists a constant Eq > not 



Proposition 2.6 (Resolution of (il2,o))- I be as in 
depending on c such that the following holds. 

(1) (Case m — 2) There exists a solution (^2,01 ^2,0, 12,0) of {^2,0) satisfying {44^ and such 
that 

limy42,o = ' 



lim 

+00 



^1,0 - 

^2.0, 



72,0, Mfl - 72,0 G 3^, 
-62,0 - b2fl'p e y, 



hut for all \e\ G (0, Eq) 



d{e) := 62,o(/) + g^lol/) = C2,pe + o(e), 



wit/i C2,p 7^ /or a/Z p > 4. 



(56) 



(2) (Case m — 3) There exists a solution (^2^0, ^2,0j 02,0) 0/ (i^2,o) swc/i </iat ^2,0 G 3^ is 
even, B2.0 is bounded, odd and 



lim B2 

+00 



b2,of € y, 

i-cxj 

6uf for all \e\ G (0, Eq), 

d{e) :— 62. o(/) = C3,p£ + o(e), anrf ca^j, 7^ /or aZZ p > 4. 
Moreover, in both cases the solution found satisfies (IP)- 



(57) 



Remark 2.6. Note that in the case m = 2, one has C2,p — for p — 3 (see (pO]) ). This cancelation 
is consequence of the complete integrability of the Gardner equation. 

Proof. Note that in both cases, m = 2 and m — 3 the source terms F2fl, 6*2,0 belongs to 3^, with 
the former being an odd function and the last one being even. Thus the existence of solutions to 
([50|) - (|5ip with the desired properties follows directly from Proposition [23] above. 

In particular we will choose 72,0 '■— ^hbX fo^' the quadratic case and 72,0 '■— in the cubic one. 

Let us now check that, being fixed 71,0, oi.o, &i,o and 72, Oj the value of 02,0 and 62,0 is uniquely 
determined. Indeed, from (|40p - (HT1) 



1 



and 



02,0 



"2.0 



72,0 



1 r 
2 



72,0 / ^" + 02,0 / AQ 



2,0 



We claim ^ and ^ with 

-(p - 3){2p - 1)(24 - 23p + 3p2 



2p3) 



and 



36(p2 _ l)(p- 2) 
(p-l)(p-3)(p2-3p + 8) 





\ ^ 1 


1/ 


L2cosh2(ia;)-l 



P + I G2,oQ - I F2,o I P , (58) 
i^2,o I P + I G2,o . (59) 

C2,p := - — ITTTT-T .N/ ' ox ' — / 7 , 9.1 x > (60) 

~ " 8(p~2)(p+l)' 'J A V'^x\ ■ (^^^ 
The end of the proof of (|56p - ([571) . and ([5Dl) - (pT|) is a lengthy but straightforward computation. For 
the sake of continuity we postpose the proof to Appendix |B] □ 

Remark 2.7. An explicit expression for d{e) for any nonlinearity has escaped to us (see Claim 
llip . and we only have in our hands an asymptotic expression for small values of e. We believe, 
however, that it may exist a -necessarily- large eo for which d{eo) = 0, and even more, a pure 
2-soliton solution may exist at any order. 





\ ^ ] 


]/ 


. cosh X . 
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Remark 2.8. The expressions (j56p - (j57p above say roughly speaking that the second order hnear 
system {fl2.o) has a solution that does not obey (at third order derivatives) the Taylor expansion 
of a small soliton shifted. Indeed, 

Note that (cf. (fTM]) and (fT29l) ) 

Qcivc) ~ cQ^ivc) - QTivc), Qi'Hvc) - cQ',{y,) - (gr)'(yc), 

and thus for a perfect collision we should have &2,o = ~\b\ q for m = 2 and &2,o — for to = 3, as 
in the integrable cases. This formal discussion will be justified in the proof of Proposition 12. 101 

2.2.4. Resolution of system (Qii), casesTO = 2,3. Now we consider the first mixed system, (fii^i). 
Note that this system has a different order depending on the power of leading nonlinearity: for 
TO = 2, cQc is of quadratic order in Qc, meanwhile, in the cubic one, cQc is a term of cubic order. 

From Proposition lA.il the system (rii,i) is given by 

(Oia)' - ai,i(3g - 2/(Q))' + {3A[^„ + ZB% + /'(Q)Si^o), (62) 

{CB^,i)' = 1 + /'(Q)Ai4 - 3ai,iQ" + 'dB[ ^. (63) 

For this system, we recall its source terms 

:= SA'i^o + 3Bi'^o + f'iQ)Bi^o, Gi,i := 3B[o- (64) 

Note that as {k,l) ~ (1,0) satisfies the (IP) property, we have both Fi.ijGi^i G y. 

Lemma 2.7 (Resolution of (fii^i), to = 2,3). There exists a solution (Ai.i, _Bi^i, ai.i) of (f^i,i) 
such that Ai^i is even, Bi i is odd and 

1 2 

hmAi^i 71,1 -5i 0, ^1,1-71.1^3^, 

+00 2 

limSi.i = 6i,i, Bi^i-bi,iip ey. 
Besides, this solution implies that (IP) holds for {k,l) — (1, 1). 

Proof. From Proposition [221 it is clear that i^i^i and Gi_i given in ([M)) satisfy the assumptions of 
Proposition The choice of 71,1 will be justified in Proposition 12. 101 In the rest of this paper, 
we will not need the expression of 6i_i (note that it would be possible to compute it as in the proof 
of Proposition [2?6)) . □ 

2.2.5. Resolution of high order systems, quadratic case. From now on, we consider the triplet 

{Akd,Bk^i,akj) 

defined for all {k,l) € Em, 1 < fc + Z < 2 in Lemma [2751 Proposition 12 . 61 and Lemma [2.71 We now 
solve the systems {^k,i) for k + 1 — 3 . Denote := 1 and Sp3 := for p > 4:. 

Lemma 2.8 (Resolution of {flk,i) for fc + / = 3 and m — 2). For all {k, I) £ E2 such that k + l — 3, 
Fk i is odd and G^^i even; both are in the class y, and there exists a solution {Ai^ i, B^.i, a^.i) of 
{flk,i) such that Ak^i is even, Bk^i is odd and 

lim Afc,i = 7fc,i, Ak^i - 7fc,; G y, 
+00 

\iinBk,i ^bk,h Bk.i - bk,i(p e y. 
+00 

Moreover, we will choose the particular values 

73,0 -^^lo + y'^(£)^i,o + ^/"(£)^lo> 72, 1 := -^^lo " &i,o&i,i - 4d(e)6i^o, 
3 

71,2 -24^1,0 + ^1,061,1, 
where d{£) satisfies i[56'))-|5?|). 
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Proof. The proof of this result is easy after the vahdity of the foUowing claim: 

For all (fc, I) G E2 such that k + I — 3, we have F^^i G 3^ is odd, Gk^i G 3^ is even. (65) 

Assuming ([55)1 . Lemma is a direct consequence of Proposition !^?^ 

Let us prove From the Appendix \X\ and Proposition I A. 1 1 several (bounded but) nonlocal- 
ized terms appear in the expression of Fkj and Gk,i for k + l — 3, but all these terms eventually 
cancel. 

Indeed, thanks to the (IP) property, terms containing derivatives of -Bi,Oj ^1,1 and ^2,0 are 
in y as well as terms of the kind /'((5)Si,o and so on. Thus, we focus on the terms containing 
only Bi o, ^1,1 and A2fl without derivatives nor multiplication by functions of Q. Note also that 
^1,0 G 3^1 so we also discard it. For simplicity of notation, we will skip the variables j/c and y. 

Now, we recollect all the non-localized terms (due to i3i,o, ^1,1 and A2.0) in S[u] of order c'Qc 
or c\Q^y with k + I = i. We have only three cases: the pairs (3,0), (2,1) and (1,2). From 
Proposition I A. II we obtain 

(1) (Case (3,0)). Here 

~ —22 ~ ~ 

-^3,0 — -p3,o, G^fl = Gs^o — 3(^1.0 + 2^2,0), with Fj,^, Gs^ G 3^; 

(2) (Case (2,1)). Here 

i^2,i = ^^2,1, G2,i - G2,i + {Bio + ^1,1 + 3^2,0), with F2.1, G2.1 G 3^; 

(3) (Case (1,2)). Here i^i,2,Gi,2 G 3^. 

Using the following relations among the limits of A2.0, ^1,1 and B^q at ±00 (see Proposition 
[21] and Lemma [13D: 

lim A2.0 — — lim Bf q, lim Ai i = — lim A2^o, 
±00 2 ±00 ' ±00 ' ±00 ' 

we observe that the source functions in {ilk,i) are in fact all localized. This proves ([65]) . □ 



2.2.6. Resolution of high order systems, cubic case. Finally we claim the existence of bounded 
solutions for the third and fourth order systems in the cubic case. The proof of these results is 
identical to the previous Lemma. 

Lemma 2.9 (Resolution of (5^3, o)j {^4,0) and (^^2,1) for m = 3). For all {k,l) G E3 with k >2 
there exists a solution (Ak^i, Bk^i, Uk.i) of {Qk,i) such that Ak.i is even, Bk,i is odd and 

YvcaAk^i = 7fc.(, Ak,i - jk.i G 3^, 

+ 00 

limSfc,; bk.i, Bk.i - 6fe,;((5 G y . 

+00 

In particular, we choose 

73,0 := ^^^1,0' 72.1 := -46i^od(e), 74, := 3d(£)&i,o + ^e6?,o'^p4- (66) 
In this case d{e) := 62,0 (e) (cf (57^). 

Proof. We note that, thanks to the (IP) property and Proposition lA.U the only a priori non 
localized source term is 

G2.1 = 3^2,0 + G2.0, with Ga.o G 3^. 
Then the conclusion of the Lemma follows from the fact that, from Proposition 12.61 in the cubic 
case, we have a priori chosen ^2,0 G 3^. □ 

For further purposes, we recall the important quantities (see (|29|) and ([56| - ([57|) ) 

= , d{e) = 52,o(e) + ^6?,o(e)'5m2, (67) 

with 6m2 = for m = 3, and 622 = 1- 
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2.3. Recomposition of the approximate solution. Proof of Proposition 12.11 Having 
solved several linear systems we now are able to prove Proposition [^Hl Indeed, we have now the 
enough knowlegde about the notation, so we can go further and claim the following improved 
result on u. 

Proposition 2.10 (Construction of a symmetric approximate solution of gKdV, improved ver- 
sion). The solution u above constructed satisfies, for any < c < co, the following properties: 

(1) For all {t, x) u{t, x) — u{—t, —x). 

(2) For every time t G [— TcTj; 

\\S[u]{t)\\HHR)<Kc^+i. (68) 

(3) Closeness to the sum of two soliton solution: For all time t G [— Tc, Tc], the function it is 
in H^{M.) and satisfies the estimate 

Mt) ~ Qiy) - Qciyc)\\HHm) < K„c^ . (69) 

(4) Closeness to a shifted two soliton solution plus a strange term: Denote 

Ai CLk,ic^ Qt bi,i h^i ^ hl^, A2 := 2(6i^o + c6i,i(5„,2). (70) 

Then u satisfies at time ±Tc 



|{2(±T,) - Q(. T ^Ai) - Q,(. ± (1 - c)r, T ^^2) 

± d{e)iQln- ± (1 - c)T, T ^A2mmm < Kc^+K 



(71) 



provided for each {k,l) S I]„j, the constants 'jk^i must be chosen as in Lemma \2.5\. Propo- 
sition \2.6l Lemmas \2^\2.8[ and\2.9l Recall that d{e) satisfies (56)) -(fj?}). 



Remark 2.9. The quantity bi^i in (|70p represents the difference between the expected value of 61.1 
given by the integrable case and the actual one; namely, for e = we have 61^1 = 0. 

Proof. Let us start by proving (|68p . This follows from from Proposition I A. l\ and the choice of 
o-k.i, Ak,i, Bk.i for (fc,Z) G Sm, solving each linear system so that 

S[u] — £{t, x). 

Now we deal with (j69p . This is an easy consequence of the fact that y = x — a, yc — x + {1 — c)t, 
and 

m - Q{y) - Qc{yc) = W{t,x), || W^(t)||^i(R) < K^c^^ . 
Proof of (|7ip . We begin with some preliminary estimates. 
Claim 4. 

Ilallioc <Xc^-5, \\a'\\L^<Kc^^. (72) 
Suppose / = f{y) G y. Then for aU t G [-Tc, TJ, 

||/(y)Qc(2/.)|L2(E) + ||/(2/)Wc)'(2/.)|L.(M) < i^c^e"(i-=)^l*l, (73) 
and for g = g{y) e L°°(R), 

\\9{y)Qc(yv)\\L2^K) + ^ ||ff(y)(Qc)'(2/-)IL2(R) < Kc^-i. (74) 

In particular, if < = Tc and / G 3^, we have, for c > small, 

ll/(y)Qc(yc)||Hi(R) <i^ci", (75) 

\\Q{y) ~ Q{x - ^A,)\\h^r) < Kc'°. (76) 
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Proof. The proof of these estimates are similar to Claim C.l in the Appendix C of See also 
Claim 2.6 in [23]. In particular for the proof we use Lemma [A. 21 from Appendix \X[ We skip the 
details. □ 

We continue the proof of im|) . 

For the sake of brevity, we will prove only the case to = 3. The case to = 2 is identical to 
Lemma 2.6 in |26j . 

Note that from Claim 01 

WQciVc - 6i,o) ~ Qc + h^oQ'c - IbloQcWmm < Kci, (77) 

and 

mlYiVc - &i,o) - {Qly + 6i,o(Q^)"ll//MK) < Kci, (78) 
(here we have used the fact ||_f/i(E) < Kci and ||(Qc)^^^IIhMR) — ^^^)- From the identities 
Qc = cQc -Ql~ eQP + 0{QP+^), {Ql)" = 4cQl - 3Qt + 0{Ql), 

we obtain 

||Oc(yc-fol,0)-d(£)(Qe)'(2/c-fol,0) 

- [Qc - fei.oQc + ^bl.cQc - Ibl.Ql - ^ebloSp^Qt] (79) 
+ d{e)[iQlY ~ 46i.ocQ2 + 36i,og^] H^^^^) < Kci. 
On the other hand, using the fact that lim+oo ^fc,i — lk,i, lim+oo Bk^i = bk,i, and Claim 3] we get 
\\u{T,) -Q-Qc- bi^oQ'c - l2.oQl ~ b2fl{Ql)' ~ 7i,icQc 
-l2,icQl - i3flQl - 74,oQc||hi(r) ^ Kc''/^. 
Combining this estimate and (|79p . we find 

\\u{Tc) - {Q{y) + QciVc - 6i,o) - d{e)[Ql)'{y, - 6i,o)} 

+ (71.1 - ifolo)cQc + l2fiQl + {b2,o - die)){Qly + (72,1 + M{e)bi,o)cQl 

+ (73,0 + \blo)Ql + (74,0 - 3d(£)6i,o - ^£&?,o'5p4)<3cLi(K) < . 
It follows that with the choice 

71,1 = ^&i,o> 72,0 = 0, 73,o = -^&?,o> ^2,o = rf(e), 

72,1 = -4d(e)6i,o and 74,0 = 3c?(e)5i,o + ^£blQSp4. 

we obtain 

MT,) - Q{y) - Q,{y, - 61,0) + d(e)(Q^)'(yc - 6i,o)lki(R) < Kc^. (80) 
The case t — ~Tc is similar and we left the proof to the reader. 

Together with ([TS]) . we complete the proof of ([7T|) . This justifies in particular the choices of 
7fc,i, (fc,0 G done in preceding Lemmas. □ 



2.4. Existence of the approximate pure 2-soliton collision solution. The fact that d{£) 7^ 
(see Proposition 12. 6p in Proposition 12 . 1 01 means formally that the collision is not elastic and that 
the residue due to the collision is of order (Q^)'- However, the approximate solution u(t., x) given 
in Lemma 12.101 being symmetric, it contains the residue at both —Tc and Tc (see (|7ip). To match 
the solution u{t) considered in Theorem ll.41 which is pure at —00, we need to introduce a modified 
approximate solution, which, at main order, will contain a residue only at time t — Tc- This will 
be clear after the following 

Proposition 2.11. There exists a function u = u(t,x), of the form given by \33^) such that for 
some constants JC, co > and < c < co, the following estimates hold: 
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(1) u(t, x) ^ u{—t, —x) for every t, x. 

(2) Almost solution. For any t G [—Tc,Tc], 

WSimWrniR) < Kc^+Hc^^ +\d{e)\ci], (81) 

(recall that d{e) measures the residue after the collision, introduced in l56 \} - (57^ ). 

(3) Closeness to a two-soliton solution at time t = —Tc- With the defintions of shifts given in 
j70[ ), the modified function u is close to a two solitons solution at time —Tc'. 

Ilu(-Tc) - {Q(- + iA2) + Qc(- + (1 - c)T, + iA2)}||Hi(K) < Xc^+i[c^ + \d{e)\ c^]. (82) 

(4) Non-matching with a two-soliton solution at time t — Tc: 



\\u{Tc) ~ Q{- ~ ^Ai) - Q,(. + (1 - c)T, - iA2) 

+ 2d{e){Ql)'{- + (1 - c)Te - iA2)|lHi(K) < Xc^+3[c^ + \d{e)\ c^] 
where, from 156]) - {57}), 

VO < |£| < eo, d(e) = Cm,p£ + 0(e), 

and 



(83) 



Ai - ai,o / Qc 
Js. 



<Kc—'--, I A2 - 26i,o| < i^c. (84) 



(5) Comparison residue versus error terms: The residue in \83^) satisfies 
||2d(£)(g2)'(. + (i_c)re-iA2)||^,(„) ~ M(e)|c^+^ 

> C^ + 3[c^ + |(i(£)|c5], 

provided c™-i <C |rf(e)|- 

Remark 2.10. The approximate solution u above mentioned describes the collision of two pure 
solitons that at time t ^ Tc (after colliding) differ by a term of order \d{e) \ c™-!"*"* of the ingoing 
solitons before the colhsion, at time t ~ —T^ provided holds. 

For even small values of e such that condition ((23)) does not hold, we need to go further in 
our approximate solution and solve even more linear systems. We believe that in this case, more 
involved, the conclusions of this paper are the same. 

Let us return to the proof of Proposition 12.111 

Proof. Let u := u-\- w^, where 

w#{t, x) ^d{e){Qly{yc)il + P(y)), (85) 
and P was defined in (|39p . Now it;^ can be expressed in the form 

w^it,x)^Qiy) + Qc{yc)+ ^ c'{ifc,(y)g^(2/,) + i?fc,(2/)(Qc)'(yc)}, 

where Akj = Ak,i, Bk,i = Bk.i + w^5(k,i),(2,o)- Here (^(2,0), (2,0) = 1 and 5^k^l)^(2fl) = otherwise. 
Let us prove (j83p . Replacing u ~ u — in (|7ip , we have 

MTc) - Q{- - ^Ai) - Qc{- + (1 - c)Tc - ^As) 

+ die)iQly{- + (1 - c)r, - IA2) - w#iTc)\\HHM) < Kc^+i. 
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Thus, using ^ (note that P £ y) 

\\u{T,) - Q{- - Iai) - Q,(. + (1 - c)T, - Ias) + 2d{s){Qly{- + (1 - c)T, ~ ^A2)\\m^u) 

< Kc^+i + \\d{e){Qly{- + (1 - c)T, - ^A^) + w#(T,)||^i(r) 

< Kc^+i + K \d{e)\ \\{Ql)'{- - ^A^) - (QD'||hm«) 

< Kc^+^ + K \d(e)\c-^+i. 
Similarly, at time t — —Tc 

\\u{-T,) - Qi- + Iai) - Q,(. - (1 - c)T, + ^Aa) 
-d{s)iQln- - (1 - c)T, + Ias) - w;#(-T,)||hi(k) < Kc^+i, 

so that 

ll^(-rc) - Q{- + ^Ai) - Q,(. - (1 - c)T, + iA2)|Ui(R) 

< Kc^+i + K \d{e)\ \\{Ql)'{- + ^A^) - (Q?)'||hmk) 

< Kc-^+^ + if |d(e)| c^+i 
Note that ([51)1 is clearly a consequence of ([TO)) . 

Finally, we prove ([8T|l . Note that (cf. Appendix B for the definitions) 
S[u] — S[u + w^] 

= + lU{w^) + [/(m + - f{u) - /'(Q)u;#]. 
The following estimates allow to conclude (|8ip . We claim 
Claim 5. With the choice of given in ([85]) . 

< K \d(e)\ ci+^. (86) 

and 

II [f{u + w#) - f{u) - /'(Q)«;#].||^,(K) < K \d{e)\ (87) 

Proof. The proof is similar to the proof of Proposition I A . 1 1 above . We only sketch the main ideas. 
Let us prove ([5^ . First, note that for P defined in (f551) 

(£(1 + P))' = (1 - /'(Q) + rm' = 0. (88) 

This property will be useful in what follows. From the calculations performed in l|138p . ([55]) and 
the fact that (1 + P)' S 3^, we note that (cf. and P?7)) for the definition of III(-) and 

respectively) 

um + P){Ql)') = -{C{l + P))\Qiy~c{l + P){Ql)" + {l + P){QlY^^ 

+ c'[PMQc+GM(Qc)']+0(cQ^ + Q5+c2g,) 

where both Fkj and Gk,i are in y. Moreover, F^^ — 0. From here, the definition of in (|85p 
and Claim m we obtain 

\\mw#)\\H^w) < K \die)\c^+\ 
Now, we deal with ([57]) . We note that 

m = [/(w +^i'#)-/(«)-/'w^#]. + [(/'(") -./'(Q))^«#]. 

[lf"iu)wl + OiwDl + [f"{Q){u - Q)w# + ^f'^'HQKu - Qfw# + 0{{u - Qfw#% 
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From here, using the expresion for and Claim |31 we obtain 

\\m\\H- < K \d{e)\ [|d(£)| c'+^ + c'+^ + c^+^] < K \d{e)\ c^+^ . 
This finishes the proof. 

□ 

This Claim allows us to finish the proof of the Proposition. 

□ 



3. Preliminary results for stability of the 2-soliton structure 

In this section several stability results will allow to study the long time behavior of the 2-soliton 
soliton solution. First of all, we recall a general result proved in [25 concerning the existence and 
properties of an actual function u = u(t,x), solution of (I28p in the interval [—Tc,Tc] and close 
enough to our approximate solution u. This will be done in the next subsection. 

Next, we study the stability of a solution u{t) of pT|) for long time, namely t > Tc- These results 
have been proved in great generality by Martel and Merle in [55], [5S], and [U. In particular, 
we will use the stability and asymptotic stability of the two solitons (Proposition 13. 3| ) to show the 
persistence of the 2-soliton structure for long time. 

Finally, a key result is the decomposition result from Lemma l3.4| which will be essential to show 
the persistence of the residual term (cf. ([83|l ) at infinity. 

3.1. Dynamic stability in the interaction region. For any c > sufficiently small, we will 
consider the function u{t) of the form 

uit,x)^Qiy) + Q,{yc)+ [Q^M^kAv) + iQcyiyc)BkAy)} 

defined in Proposition [5TTT] (the notation was introduced in ([55]) and Recall the error term 

S[u\it) ^Ut + [ilxx -u + f{u))x- 

Proposition 3.1 (Exact solution close to the approximate solution u, ^25]). Let > ^^^^j and e 
small enough such that mS\) holds for Q. There exists cq > such that the following holds for any 
< c < cq. Suppose that for all t € [—Tc, Tc] 

WSmmmm < Ky^, (89) 

and for some Tq e [—Tc,Tc], 

\\u{n)-u{n)\\H^(^^<Kc', (90) 

where u{t) is an solution of I128\) . Then, there exist Kq = Ko{0,K, f) and a function 
p : [—Tc, Tc] — > M such that, for all t G [—Tc, Tc], 

||u(i)-ii(i,--p(i))llHi(R) <^oc', |p'(i) - 1| < i^oc'. (91) 

Remark 3.1. The proof of the above Proposition is nontrivial and requires some refined tech- 
niques such as modulation theory, coercivity properties and the introduction of a modified energy 
functional adapted to a two soliton collision. It is necessary to emphasize that one of the key 
elements in the proof is the smallness of the error term S[u] along the collision. For the sake of 
completeness, we will draw the main lines of the argument, see [25^ for the actual complete proof. 

Proof. It suffices to show the result on the interval [Tq, Tc]. By using the transformation x — > —x, 
t — > —t, the proof is the same on [—Tc, Tq]. 

Let K* > 1 be a constant to be fixed later. Since ||u(To) — 'u(To)||/fi(R) < c^, by continuity in 
time in i/^(M), there exists Tq < T* < Tc such that 

T* = sup {r £ [Tq, Tc] such that for aU t e [Tq, T], there exists r{t) e R with 

\\uit)-u{t,--r{t))\\„i^^)<K*c'}. 
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The objective is to prove that T* = for K* large. For this, we argue by contradiction, assuming 
that T* < Tc and reaching a contradiction with the definition of T* by proving some independent 
estimates on \\u{t) — u{t,- — ?')||/fi(R) on [To,T*]. 

An argument using the Imphcit function theorem allows to construct a modulation parameter 
and to estimate its variation in time: 

Claim. 6. Assume that < c < c{K*) small enough. There exists a unique function p{t) such 
that, for all t e [To,T*], 

.(,.) = .(,. + pW) satisfies / = 0. 

Moreover, we have, for all t e [To,T*], 

\p{To)\ + \\z{To)\\m^R) < Kc\ \\z{t)\\H^iR) < 2K*c\ 

zt + {zxx -z + f{z + u)- f{u))^ = -S[u]it) + {p'{t) - l){u + z)^. 

\p'{t) - 1| < K\\z{t)\\H^(R) + K\\S[u]{t)\\H^l^R), 

The purpose of the modulation theory is to establish a lower bound in the following energy 
functional for z{t): 

Ht) ■■=\l {{d.zf + (1 + a'{yo))z^) - [ {F{u + z) - F{u) - f{u)z). 

^ JR JR 

Indeed, this functional enjoys two useful properties: it has a very small time variation and it is 
coercive up to the direction Q: 

Lemma 3.2 (Coercivity of J^). Assume that < c < c{K*) small enough. There exists K > 
(independent of K* and c) such that 

(1) Coercivity of T under orthogonality conditions: 



Vte[To,T*], \\z{t)\\]j.^^)<KJ^{t) + K 
(2) Control of the direction Q: 



z{t)Q{y) 



Vie [To,r*], 



/ z{t)Q{y) 



< Kg'' + Kc—^~-- \\z(t)\\L- + K\\z(t)\\l.. 



(3) Control of the variation of the energy functional: 



These estimates allow us, after fixing K* large enough and possibly taking c even smaller, to 
show that actually 

1 



\z{T 



*M|2 



*\2„2e 



contradicting the definition of T*, thus proving that T* = Tc. 



□ 



Once the existence of an actual solution (close to our approximate solution u in the interval 
[— Tc,Tc]) is established, one would like to investigate the behavior in long time of this solution. 
We treat this problem in the next subsection. 
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3.2. Stability and asymptotic stability for large time. Here we consider the stability of the 
2-sohton structure after the colhsion, and for a long time. Let Tc be defined in (|29p. We start 
with an important 

Remark 3.2. Since holds for /(s) = s™, to = 2, 3, it is clear by a perturbation argument that 
(fT^ holds also for / as in for all < c < 1, provided < jej < Eq is small enough. 

Proposition 3.3 (Stability of two decoupled solitons, [22], [23]). Let e small enough such that 
holds for Q. Then there exist constants cq, K > 0, such that for any < c < cq and for any 
UJ > 0, the following holds. Let u{t) be an solution of Ii28\) such that for some time G M and 

Ik(ii)- Q -Qc(- +Xo)|Ui(R) <c^+^+". (92) 
Then there exist -functions pi{t), P2{t) defined on [ti,-\-oo) such that 

(1) Stability: 

sup \\u{t) - Q{- - pi{t)) - Q,(. - p2(i))IUi(M) < Xc-3+^+-, (93) 
t>ti 

and for all t > ti, 

i<pUt)-P2W<| |pi(ii)| <i^c^+^+", \P2{ti)+Xo\<Kc-. (94) 

(2) Asymptotic stability: There exist c^,cj > such that on the right hand side limit 

tiTco """^^^ " ^^t^"" ~ ''^^^^^ ~ ^4^"" " P2m\\mi.>J,ct) = 0, (95) 

with 

\c+ -l\<Kc}+^+^, ^-l <Kc^. (96) 
' ' c 

3.3. A decomposition result. Recall a more precise decomposition of u{t) used in the proof of 
Proposition [S3] in P]. [^. 

Lemma 3.4 (Decomposition of the solution, f53]). Suppose 1112]) holds for Q. Let u — u{t) be a 
solution of the gKdV equation h21\} such that the estimate h92\l holds. Then there exist -functions 
Pi{t)) P2{t), ci{t), C2{t), defined on [ti,+oo), such that the function 

r/{t, x) :— u{t, x) — Ri{t, x) — R2it, x), 

where, for j — 1,2, Rj{t,x) :— Qcj(t){x — Pj{t)), satisfies for all t > ii, 

RjiMt) = fix- Pjit))RjitUt) = 0, j = 1,2, (97) 

; Jr 

4 C2(t) 



\vit)\\miR) + \ciit) -l\+c- 



<Kc'^+—-^, (98) 

and for all t > ti Ips Wl + |pi W - 1| < Piit) - P2it) > ^t + ^T,. (99) 

Moreover, we have the convergence limt^+oo (i) = Cj' for j = 1,2. 

At this moment we have all the necessary information about the 2-soliton solution of ([^S]) . 
Indeed, recall from the sketch of proof (Subsection II. 4p that the asymptotic in long time will be 
treated using the tools from this section, more precisely using Proposition 13.31 and Lemma 13.41 
On the other hand the colhsion region will be described by Proposition 13.11 This is the purpose 
of the next section. 
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4. Proof of the Theorem 11.41 
Now we are in a position to prove the main Theorem of this work. 

Proof of Theorem \1.4\ Let 1 — ci < c*(/) such that (fT2|) holds and < c < co(e) small enough 
(depending on e). Let u{t) be the unique solution of (PT|) such that (see Theorem 1 and Remark 
2 in [19]) 

lim ||M(t) - Q{x -t) ~ Qc{x - ct)||//i(R) = 0. 

1. Behavior at — Tc. We claim that for all t < —-^Tc, 

\\u{t) - Q{- -t)- Q,(. - ct)\\H^M) < i^e^v^d-^)*. (100) 

This is a consequence of the proof of existence of u(t) in (IJj. See Proposition 5.1 in [21] for a 
proof in the power case. 

Now, using poop , we will match the function u with the collision solution u constructed in 
Proposition l2.11l For this, we will translate u in time and space, as follows. 
Let Ai, A2 be defined in Proposition l2.10l and 



Since from 



1 Ai - Ao 1 



\Ai\ <Kc-^-i, and lAzI < if. 



we have —T^ < ^-^Tc, and thus, from (|100p for c small enough, and after a translation by a, we 
get 

\\u{-T-, .+a)-Q{- + ^)- Q,(. - (1 - c)r, + ^)||hHm) < Ke-i^^'-^^^^' < Kc'°. 
By translation invariance, we may assume T~ = Tc and a = 0, such that 

||7i(-T,) - g(. + ^) - Qc(- - (1 - c)Tc + ^)IIhi(r) < ifci°. (101) 

2. Behavior at +Tc. Now, possibly taking a smaller c, consider u = tii^c constructed in 
Proposition [2IT] By ^ and ([TOT]) , we have 

||u(-T,) -fi(-r,)||ffi(K) < Xc^+i[c^ + |d(e)|c^]. 

Applying Proposition 13.11 with 

To = -T„ c'':=c^+3-TTO[c^ + |d(e)|c3], 

it follows that there exists a function p{t) such that for all t E [—Tc, Tc], 

\\u{t)-u{t,--p{t))\\Hiim) <Kc<'. 

In particular, for r := p{Tc), we have 

\\u{Tc)-u{Tc,--r)\\Hi(v.) <Kc'>. 
Using (|83p and triangular inequality , we obtain 

\\u{Tc) - Q{- - ri) - Qc{- - ra) - 2d(£)(Q2)'(. _ r2)\\miM) < Kc'. (102) 

Here, 

ri:=^Ai+r, ra (c - 1)T, + ^Aa + r. 



so 



that n - r2 = (1 - c)Tc + i(Ai - A2) satisfies 



i(l-c)r, <ri-r2<32(l-c)T,. (103) 



Moreover, note that 
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SO that 

\\u{T,) - g(. - n) - Q,(. - r2)\\HHm < Kc^+^\d{e)\ + c^] < K \d{e)\ c^+i, (104) 
provided 

|d(e)| > kqc^-tto, (105) 

for some kq > large enough but fixed. We have thus arrived to time t = +Tc with a stability 
property of the 2-soliton structure, namely ()104|) . 

3. Behavior as t ^ +oo. From (|104p . it follows that we can apply Proposition 13 . 31 to u{t, ■ + ri) 
for t > Tc (that is, ti := Tc), with Xq '■= r\ — r2, and 

|d(£)|c^. 

It follows that there exist pi(t), P2{t), > 0, > so that 

w+{t,x) u{t,x) - Q^+{x - n - pi(t)) - Q^+{x - n - p2{t)) (106) 

satisfies 

sup ||u;+(t)||^i(K) <i^M(£)|c^-^ lim \\w+{t)\\HUcc>^,t+r^) ^ 0, (107) 

and 

|c+-l| <i^|d(£)|c^+^ \c+ -c\<K\d{e)\c^+^. (108) 

In particular, the behavior of the 2-soliton structure remains stable at infinity, modulo the 
emergency of a possible iJ^-nonzero residual term. This proves the upper bound in (pS)) . At this 
stage, we do not know if this residual term (that is, w^) can be bounded by below uniformly in 
time. This is the purpose of the following key step. 

4. Lower bound on w^{t) for t > Tc large. Consider the decomposition of u{-, ■ + ri) defined 
in Lemma 13.41 i.e. the center of mass pi{t), P2{t), the scaling parameters ci(t), C2{t) such that, 
for t > Tc, 

r]{t,x) := u{t,x) ~ Qci{t){x - ri - pi{t)) ~ Qc2{t){x - ri - p2{t)) (109) 

satisfies 

sup ||ry(t)|lHi(R) <ifM(e)|c^~^ |ci(r,) - 1| < |d(£)| c^-J, 

t>T 

1 1 (^^'^^ 

Pi{t) - -p2{t) >-t+ -Te, \c2{t) -c\<K \die)\ c^+^ 

and 

\p2iTc)+ri-r2\<K\d{e)\c^. (Ill) 

Moreover, we have for j = 1, 2 

hm c,{t)=c+. (112) 

First, as a consequence of (|102l) . we claim the following lower bound at t = T^. for Kq > 0, 
independent of c > 0, 

/ r,\Tc,x)dx>Ko\die)fc^+^. (113) 

Jx<p2(T,)+ri + lT, 

Proof of (|113p . The proof will proceed by a contradiction argument. Indeed, suppose that for 
any a > there exists c > small enough such that (|113p does not hold properly, namely 

h(rc)IL.(.<,,(T,)+,,+ iT.) <a\d{e)\c^^+i. (114) 

Replacing 

u{Tc,x) = (9Ei(T)(a; - ri - pi(Tc)) -t- QE2(T,)(a; - ri - P2{Tc)) + vi^cx) 
in pU^ . we find 

||[Oc-i(T.)(- ~ r-i - pi(T,)) ~ Q(. - n)] + [Qe2(t.)(- - - P2(T,)) - gc(- - ^2)] 
+ 77(T,) + 2d{e)iQly{- - r2)\\H^,^. < Kc^+i [c^ + \die)\c^]. 
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By the decay properties of Q, (jllOp at time t — and ri — r2 > 5(1 — c)Tc (see (|103p ). we 
obtain 



II [Qe.(T.)(- ~n- p2in)) - Q,(. - ra)] + r7(T,) + 2d(e)(Q^)'(- - r2)|L.(,<^,(T,^)+,,+ ii.^) 

< is:c^+3 [c^ + \d{e)\ c*]. 

Then, using (fTTil) and (fTU5)) . 

ll[Qc-.(T.)(- - ri - p2(Te)) - Qe(. " r2)] + 2d(e)(Q2)'(. _ r2)|L.(,<,-,(T,)+,,^+ 1 j.^) 

< [isTc^ + 2a + — c™] |(i(e)| . 

By scahng and translation, and decay of Q, we obtain 

||Q-0 + 2rf(£)c^+^(g2)'||i2(R) < c^+^Kc^ + 2a +—c^]\die)\ 

Kq 

+ 110 -Q + 2die)ci+^iQ^Y\\L2^,^^), 

where Q(x) = XQ {ijlx — ^) , and 



A 

c 

(do not be confused with /.i of Theorem II. 4p , and 



i = Vc2(Tc)(p2(Tc) + n - ra), /3 V^(-Te + p2(Te) + ri - ra). 
Note that from (fTTOl) and pTTj) . 

/?> iv^rc> ic-T^, ||g-Q + 2rf(£)c^+^(g2)'||^,(^^^^ <i^ci°. 

Moreover, note that 0(2;) = Q/j(a; — and that by (|110p . we have 

\^i-\\<K \d{e)\ c^+^, lei < if M(£)| c5+^. 
Expanding Q in ^ — 1, and ^//i, and using parity properties, we find 

||eO' + 2d(e)c5+^(Q2)'||^ < [Kc^ +2,a+-c^>] \d{e)\c^+^^, 
so that for some constant ^ £ M, 

WlQ' + 2d(e)(02)'||^ < [Kc^ + 4a + — c™] |d(£)| . 

Note that exists ki > 0, independent of e and c, such that 

inf lICO' + 2d(£)(02)'||^,( > \d[e)\ , 

since Q' 7^ 7(0^)' for aU 7 e M. By choosing kq large enough in (|105p . depending only on ki, and 
c small enough, we find a contradiction for a small. This contradiction proves (|113p . 

Now, we finish the proof of the lower bound by proving the following 

Lemma 4.1. There exists Kq > such that 

liminf ||u;+(i)||Hi(R) > Ko\die)\ci+^ . (115) 

Note that pisp combined with ([55)) - (|57p prove the lower bound in Thus, we are now 

reduced to prove (|115p . 
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Proof. We argue by contradiction. Assume that for any a > 0, there exist arbitrarily large Tq and 
c arbitrarily close to such that 

\\w+{To)\\Him < « c'+^. (116) 
By (jll2p . we can choose To > Tc large enough so that 

ll'?(?^o)||^.(,<„(^„)+^)<2aM(e)|ci + -^. (117) 

Here m{t) := ri + ^{pi{t) + P2{t)) is the middle point between the two solitons at time t. 

We need to estimate some local in space conservation laws. For this reason we introduce a sort 
of cutoff function supported on the small soliton. Let 
2 

il){x) — — arctan(exp(a;/K)), so that livatj} ~ 0, lim?/; — 1, and for all a; € M, 

^ - - ^ (118) 

^(-.)^l-^(.), ^'(^) = ,,,,,,(^^,) , K'(.)| < ^|^'(.)|. 



Let 



We set 



" ■ M(Qc-(T.)) - M(Qg(To)) 



g[t) \a [ u'^{t,x){l-ip{x-m{t)))dx + l- j {ul - 2F{u)){t,x){l ~ ip{x ~ ■m{t)))dx 



aM(u(t)) + E{u{t)) - (aMiit) +£i{t)), 



where 



Mi{t) ^ / u'^it, x)i}{x - m{t))dx, £i{t) ■=]: f {ul - 2F(u))(t, x)^{x - m{t))dx. 

We claim the following results on m{t), a and G{t). 
Claim 7. The following estimates hold 

l<m'it)<^. (119) 

and for a positive constant km, 

a^k,nC + o{c). (120) 
(Here o(c) means |c~^o(c)| — > as c ^ 0.) 

Proof. To prove (|119p . it is enough to consider Lemma [3^ on the interval [Tc,To] to have 

11 13 

m'(t) > 1 > -: m'(t) < IH < -. 

V ; - 10-2' ^ ' - 10-2 

Let us now treat p20p . It is easy to show that 

MiQ,)^c^-i f Q^ + o{c^-^). 

On the other hand, 



1 



E{Qc) - -c^+* / Q'-' - ^— I Q^+A + o(c^+^). 
2 LJr m + l^R J 

Thus, from (|110|) and the fact that E{Q) < 0, a Taylor expansion and L'Hopital rule gives 



a = — - 



where /c,„ > is a constant depending on m. □ 

Lemma 4.2. For < c < Cq small enough, 

G[T,) - g{To) < Kc'°. 

Proof. We will need the following 
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Claim 8. Define h :— u.^^ + f{u), such that Uf — —h^. Then 



M[{t) = -^a / ul^' + ^ / - mV) + a / {uf{u) - F{u)W 



and 



— I h?ip' / ^^(to'V-'' ~ "0"') + / F{u){i!n '4'' + ^/") 



Proof. A direct computation, see for example [26j. 

Now, we follow the proof contained in Appendix D, [26 . From above Claim, we have 



Q'it) 



1 



From Claim [7| we choose k > large enough such that m'-0' — ■(/;"' > i?/;'. From here. 



Let us consider now the nonlinear terms in the second row of Q'{t). For this, let 

an interval between the two solitons. We have two cases: x ^ I and x ^ I . 
In the first case, from (|109p we have for all t >Tc 



\uit)\ < \Q,,\{t) + \Q,Jit) + Mit)<K\d{e)\c 



_2 1 

n-1 4 



Thus, 



{uf{u)-F{uW~ / F(u)(my + ^"')- / fiu)^'+ / ulf{u)^P' 



< K 



\u{t)\\ 



<if|d(e)r-'c2-3("-i) 



id(£)r-'c2-3('"-i) + i 



□ 



In the second case, we have \x — m{t)\ > | and thus i/y{x — m{t)) < Ke with 7 > a fixed 
constant. From here, 



iuf{u)-Fiu))^'- Fiu){m'^' + yj"')- W + / 



In conclusion, putting together above estimates, we get for all t e [Tc,To], 

g'{t) > -Ke-~^\ 

and after integration we obtain the desired result. The proof is now complete. 
Now, define 



□ 



n{t) 



[ari^+vl-nR2)rf]{l-i^). 



We have the 

Lemma 4.3. For < c < cq small enough, 
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(1) Small variation: 

g{T,)-g{n) = i(7^(r,)-7^(To)) + 0(a^M(e)|^^+^c^) 

+0{\d{e)\ c^-^c^ / r;2(T,)(l - 4^)) + 0{c'\ (122) 

(2) Coercivity: 



'H{t)>aoj [erf- +ril]{t,x){l-'ilj)dx. (123) 
for some ctq > independent of c. 
Proof. Let us first prove (|122p . We replace u ^ Ri + R2 + rj m the definition of Q. We obtain 

M{t) = i^(i?i + i?2 + 7?)'(l-V^) 

= ^ ^ ^2(1 - ^) + ^ '?^2(1 + - ^) + 0(C^°)- 

Here we liave used the estimate for t > Tr 



< Ke-i' < Kc^°, 



among other similar estimates. 
In the same way, 

J / <{! (i?2)^(l - V^) + / ^.(i?2).(l + rilil - V-) + 0(ci°). 

Finally, using the character exponentially decreasing of Ri where 1 — tp is away from zero, 
F{u){l-i,) = [ FiRi+R2 + v)il-iP) 

= [[F{Ri+R2+v)-FiR2 + vm~^) 
Jr 

+ I [F{R2 + F{R2) - f{R2)v - \nR2)if]{l - 4') 
Jr ^ 

+ / [m)+/(i?2)r?+i/'(i?2)?7'](l-V^) 
Jr ^ 

/(i?2 + r;)i?i + o(i??)](i ~ ^) + o(||i?2||"o:('R) ^ Hit (1 - i,)) 

+ / {F{R2) + f{R2)n+\f\R2)rr'\[\-i>) 
Jr ^ 

[F(i?2)+/(i?2)^+i/'(i?2)^'](l-^) 

+0{\\R2\l-l^~,\W)U. [ r;2(i)(l-V-)]+0(ci°). 
From this, 

git) = g[R2m + nit) + o[\\R2\\'Ez^^^hmm I ri^m^i^)]+o{c^^). 

Jr 

Putting together these estimates, using the value of a, evaluating at times t — and t — To and 
using pi7p and (IllOp . we obtain the desired result. 

The proof of (|123|) is standard, see e.g. [23] Appendix B.3. 

□ 
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Combining Lemmas 14.21 and 14.31 we find 

< Kn{To)+K\d{e)\c^+-^ I ii'{T,){l-4,) 



+ Ka^ \d{ef + 0(ci") + K{g{T,) - ^(Tq)) 

< Ka^\d{e)\^c^^+^ +Ka^\d{e)\^c-^+i+Kc'''. (124) 
The last inequality is consequence of 

|d(£)| c^+^ < TO = 2,3and4; 
K 

therefore the term 

K\d{e)\c^^+-^ j^Tf{T,){l-^) 
can be sent to the left hand side of (|124[) . Using (jllSp we finally get 

|d(e)|2c^+i < Ka'\d{e)\^ c^+i +Ka'\d{e)\^ c^+i. 

But this estimate is a contradiction for a > small enough and < c < cq small enough (it is 
enough to put e even smaller). The proof of Claim [JT] is now complete. □ 

5. Lower bounds on the parameters. We finally prove (P7)) . This result is a consequence 
of Theorem O (d?]), ^ and (HH), see also ^ for the proof. Indeed, from JlTD and (USD, we 
have 

l|d(£)|2cf+^ <2E+ + cM+ < i-|d(e)|2c^+^. 
K K 

The final conclusion follows from (HH]), (HH) and ((5Sl) - ([57)l . 

This finishes the proof of the Theorcm ll.4l □ 

Appendix A. Proof of Proposition 12.21 

The proof is similar to Proposition 2.2 in [2F and Appendix in [24j. The main difference 
consists in the fact that we need to know explicitly all linear systems up to order m + 1 to show 
the nonexistence of growing solutions. We will discard several trivial terms by using the property 
(IP). For this purpose it is better to state an improved version of Proposition [^21 Before that we 
introduce a useful notation. 

Definition A.l. Consider /, g : R ^ R given functions. We say that f — g mod y if there exists 
h ^ y such that f = g + h. 

In our case, this definition will be useful to discard localized functions in the source terms. 
Indeed, 

Proposition A.l (Decomposition of S{u), improved version). Assume that f is of class C™+^. 
Let 

Cw = —Wyy + w — f'{Q)w. (125) 

Then, 

S[u]{t,x) = c'Qe'(2/c)[«M(-3Q + 2/(Q))'(y)-(/:Afe,0'(y)+J^M(2/) 

(fc,;)es„ 

+ E c'(Qc)'(yc) [afc,K-3g")(y) + {iA'li + f'{Q)Auj) {y) - {CBuj)'{y) + GuM 

(fe,Oes,„ 

+ £{t,x) (126) 

where Fk^i, Gk.i and £ satisfy, for any {k,l) £ Tim, 

(i) Dependence property of Fk i and Gk i '■ The expressions of i and Gk i depend only on 
{ak-,v), [Ak'r), iBk',i') for{k',l') <{kj). 
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(ii) Parity property oj Ff^ i and Gk^i: Assume that for any {k' ,1') such that {k' ,1') < {k,l) 
Ak\i> is even and Bk'.i' is odd, then F^^i is odd and Gk,i is even. 

(iii) Explicit source terms: We have Fi q — {f'{Q))' and Gi.o = f'{Q), 

F2,o = -(3^'i,o + 3Sr,o + /'(Q)Si,o) + ^(/"(Q)(2Ai,o + ^?,o))' 

-a,,o{3A% -Q + /'(Q)(l + Ai,o))' + 3a?,oQ(3) ^ i(/"(Q) _ 2)', 

and 

G2,o = i(/"(Q)-2)-(Ai,o + 3i3i,„) + i/"(Q)(2Ai,o + A?,o) + ^4oQ" 

-^ai,o(M'i,o + 3i?i',o + /'(Q)Si.o)' + ^(/"(Q)(Si.o + Ai,oi?i,o))'. 
for the case m = 2, and 

F2fl = {\f"{Q){l + v4i,o)')' + 3aloQ^'^ - ai.o(/'(g) + 3A'/,o + /'(Q)Ai,o)' 
and 

G2,o = ^/"(g)(l + ^1,0)' + \a%Q" - ^ai,o(9^'i^o + 3i?'i',o + /'(Q)Si,o)' 
+ ^(/"(Q)(l + ^i.o)i?i,o)'. 

in the case m — 3. If property (IP) /loWs /or (fc, Z) = (1, 0), then each term above is in y. 

(iv) Explicit high order source terms modulo y: Suppose property (IP) holds for {k,l) e T,„i 
with k + I < 2. Then, for the quadratic case, 

Fi,2,Gi,2,F2,i andFs^o&y-, 63,0 = -^(S^o + 2^2,0) mody, 

and 

G2,i = Bf o + Ai^i + 3^2,0 mod y. 

For the cubic case, 

F3.0, G3,o,F2s,F4fi and 64,0 € y, G2.1 = 3^2,0 mod 3^. 

(v) Improved estimate on £: Suppose in addition that property (IP) holds for any (fc, I) G Sm; 
then for all j = 0, 1, 2 

\\di£{t,x)\\^,^^^<Kc-^ + ^. 

Proof. Expansion (|126p . and items (i) and (ii) were proven in [25j . so in what follows we deal with 
(iii)-(v). For this it is necesary to improve the computation done in [25j . 
We start with an important lemma concerning the algebra of Qc- 

Lemma A. 2 (Properties of Qc, see Lemma 2.1 in [33]). Suppose 0<c<l, 0<e<£o small, 
k e {1, . . . , fco}, and m = 2, 3. Then 

(1) There exists a positive constant K — K{£) > such that 

i-c^e-^l^l < Qc{x) < ifc^e^^l^l, IQ'dx)] < i^c^ + se^^l^L (127) 
K 

(2) For F defined in (0) and any k > 1, 

Qc^cQc- fiQc), Q'^ ^cQl-2F{Q,). (128) 
(Qfc)" = ck^Ql - 2k{k - l)Ql-^F{Qc) - kf{Qc)Ql'\ (129) 
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We recall the notation introduced in Subsection (|2.ip : 

S[u\ = Ut + {Uxx -U + f{u))x. 

We easily verify that 

S[u] = I + II + III + IV, (130) 
where (we omit the dependence on t, x) 

I S[R], II {f{R + R,) - f{R) - f{Rc)).. 

and 

C = -dl + l- f{Q), 

III = III{W) ■.^Wt-{CW)x, (131) 

IV := {/{R + R, + W)- f{R + Rc) - .f{R)W}^ . 
Since QdVc) is a solution to (fTTj) . we have S{Qc) = 0. 

Claim 9. Let A = A{y) and q = q{yc) be C'^-functions with y,yc defined in Section [2TT1 Then 
III(Ag) = -q{CAy + q'i3A" + fiQ)A) 

+<7(-3/3A(3) _ _ 3^^^,, _ ^ _ /3(/'(Q)A)') 

+^(3/3^^(3) + 3/3/3^74" - ^3^(3) ^ 

+g'(-cA - 6A"/3 - 3A'/3^ + 3A"/32) 

+g"(3A'-3A'/3) + Ag(3^ 
Proof. Direct differentiation, see [25j, Proposition 2.2. □ 
Claim 10. Recall from (PT|) . 

/3= 5] aMc'0c(2/c) (132) 
(fc,i)eSm 

Then, for some fixed numbers a]. i,al i,ak,i,dk,i with (fc,Z) G S,„, depending only on ak\i> with 
(fc',Z') < (fc,/), we have 

'Px = E(fe,i)es„ afc,ic'(Qc)'(2/c): 

1>1 k>m 
k>2 

(/3')x = E(fe,Oes„ afc,ic'(Q^-)'(yc) + 0(Q? + cQl), and 

fc>2 

= 5fc,,c'g^(y,) + o(g5 + cQI). 

^ k>3 

Proof. The proof follows by elementary calculations from (l3T|) . □ 

In the next lemmas, wc expand the terms in (|130p . 
Lemma A. 3. 

I = E [Qc{yc)akAViQ) - 3g)'(y) + (gc)'(yc)(-3afc,,g"(y))] 

+ c'{Qciyc)FUy) + {Q'Jiyr)Gi/y))+c'OiQ,iy,)), 

where 

^ifi = ^1,0 = ^1,1 = ^1,1 = 0' 

— SqIqQ^^^ + aifiQ'Sm2, G2^Q — -^alfiQ" , 

and for all {k,l) G I]„i, ^ E y is odd, ^ E y is even and depend only on at' ,v for {k',l') < 
ik,l). 
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Proof of Lemma \A.3[ We have (here ' denotes derivative with respect to y) 

I = Rt + {R^^-R + f{R)h 

= -(1 - c)/3Q' + (/(Q))'(l -(3)~ Q'{1 - /3) + (g"(l - /3)2 - Q'(3,), 
= iQ" -Q + fiQ))' + Q^^\~W + 3/32 - (3^) - 3Q"i[3, - /3/3,) - P^^Q' - PifiQ))' + c(3Q' 
= -[3/3Q(3) + 3g"^^ + /3(/(Q))'] + 3/3'g('^ + 3/3/3xQ" - /3x.Q' + c/3Q' - P^Q<^^\ 
Hence using Claim [TOl we obtain 

I = ai,o(2/(Q) - SQYQciyc) + auo{-3Q")Q'c{yc) 
+ (a2,o(2/(g) - 3Q)' + SaloQ'-^^ + a^^oQ' 5„,2)Ql{yc) 
+ («2,o(-3Q") + i4oO") Wc)'(yc) 

+ c'(aM(2/(Q)-3Q)'(y)Q,'(2;c) + aMMQ")(2;)(Qc)'(yc)) 

fc+i=3,4 

+ 5] c\FiiQl{y,) + Gi,,(Q,^)'(y,)) + c30(Q,), 

where for all A: + / = 3, F/; e 3^ and Gf, ; G 3^, as claimed in the statement of the Lemma. □ 
Lemma A. 4. 

11= ^ d{Q'MH'i{y) + {Q''c)\yc)Gi'M) + o{Q7^-'). 

where for all (fc, /) e a^ii /or all p > m + 1, F^\, GjJi G 3^ anrf are odd and even respectively. 
Moreover, for m — 2, 

Fl!, = {f'{Q))\ Gi'o = f'iQ), F/i=G(fi = 0, 
Fi!o - (^/" (Q) - «i,o/'(g))', G^fo = 1/" (Q) - 1. 

Finally, if m — i, 

Fl!o^{f'{Q))', Gi'o^fiQ), Fl\^G[\,=Q, 

Fi!o - i\f"iQ) ai,o/'(g))', Gi'o - ^/"(Q)- 

Proo/. First define fl f{R + R^) f{R) - f{Rc). Note that 

II = + lf"iR)Rl + If^'Hml f{Rc) + Y/'^{R)Rt + OiRl), 

Thus taking derivative 

II = (/'(g))'(f - (3)Q. + f'{Q)Q', + ^(/"(g))'(f - ml + IrmQir + lif^'KQ)n^ - ml 

+\f^'\Q){Ql)' + YA^f^'\Q))'Qt + Y/'^{Q){Qt)' - ifiQc))' + o(g^). (134) 

Here we have to identify two different results, depending on the value of m. For m = 2, namely, 
the quadratic case, we will need only up to third order terms. After replacing the value of f3 given 
by (|132p . we will obtain (recall that p > 3) 

II = {f'm'Qc + f'{Q)Q'c + i^fiQ) - ai,of'm'Qi + (^/"(Q) - ml)' - aiAfrn'^Qi 
mIj^^Hq) - ^«i,o/"(g) - a.^of'm'Ql + lf^'\Q){Qiy - e(g?)' - (/i(gc))' + oiQt). 

It is easy to check that every term depending on y up to order Q^, (Q^)' is indeed in the class y. 
Even in the worst case, p = 3, we will have the cancelation 
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with if['\Q)ey. 

Let us consider now the cubic case, m = 3. The procedure is completely similar, although we 
must keep the fourth order terms. We start by replacing /3 in (|134p and collecting similar terms 

II = (/'(Q))'(i - /3)Qc + /'(Q)Q^ + ^(/"(g))'(i - ml + ^rmQir + - ml 

+lf^'HQ)iQiy + ^if^'\Q)yQt + y^'HQmtr - (/(Oc))' + oiQi). 
= wm'Qc + /'(g)g', + {\nQ) - a^,or{Q)yQi + IrmQir 

Hy/^HQ) - \ai,of^'\Q) - \a2,of"{Q) - a,,,f{Q))'Qt + Y/^\Q){Qt)' 

-{sQP + /i(Q,))' + 0{cQl + cQl + Ql). 

It is straightforward to check that every function depending on y is indeed in y. The only 
complicated terms are (note that p > 4) 

i/(3)(Q) - 1 = - l){p-2)eQP-' + \ff\Q) e y, 

which is in front of {Ql)'; and for p — facing (Q^)' we have 

y/'HQ) -s^e+ ^/,'\Q) ~ e = ^/,'\Q) e y. 



□ 



Lemma A. 5. 

Ill = E {Q':{y,){-CA,,ny) + {Q^)' {yM-CB^j)' + + /'(g)A,,0(2/)) 

(fcj)es„, 

where 

Fis) = 0' Cifo = Oj -f^/i = 3^'i^o + 3-B"o + /'(<3)^i,o, G{;'i = 35^ qi 
^2,0 = -«i.o(3A'/o + /'(Q)Ai^o)' - (3A'i + SB'lo + /'(Q)Si,o)<5™2 

Gsfo = -^ai,o (9A'i,o + 3S;'o + /'(Q)Bi,o)' - (Ai,o + 35^ o),5,„2, 

and for {k,l) € S^, Gi\ depend on Ak'.i', Bk\i' such that {k',l') < {k,l). Moreover, if Ak'.i' 

are even and Bk'.y are odd then are odd and Gl.\ are even. 

Finally, the following important property holds. Suppose (IP) holds for any (fc, I) e I]„i with 
k + I < 2. Then we have a sharp decomposition for each high order source term: 

(1) For m = 2, 

^/y = 0, Gyo' = -y^2,o, i^/i'^O, Gy/ = -Ai,i+ 3^2.0, - - mod 3^. 

(135) 

(2) Form = 3, 

F3fi,Gifi,F"i^y: G^/^ 3^2,0, ^4^0^ = 0, Gi'J^-3A2,o mod 3^. (136) 
Proof. We have, thanks to the linearity of the operator III(-)7 

111(1^) = E {iiiiAk,iiy)QUyc)) + mBkMiQcYiyc))) ■ 

(fe,i)6E™ 
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In what follows, for commodity of notation we omit the variables y,yc, if there is no related 
confusion. First, we compute III(yli.o(?;)Qc(yc))- By Claim[5]and the definition of /3, we have 

III(^l^oQc) = -Oc(/:Ai^o)' + Qe(3<0 + /'(Q)^l.o) 

+Q^(-cAi^o - &A%p - 3A'i,o/3- + 3^1,0/^') 
+Q^'(3A'i^o-3A'i,o/3) + ^i,oQ(3) 
= -(/:Ai,o)'Qc + (3<o + f'{Q)Aifl)Q', + 3<ocQc 

-(3ai,oA'/,o + ai,o/'(0)^i,o + 3^i,o<5™2)'Qc " (^ai,o<o + ^i,o'^m2)(Qe)' 
+ 51 c'(Ffe,iQ;;^ + Gfe,,(Qc)') + 0(cQ3 + Q5^c2Q,). 

3<fc+/<4 

Moreover, by hypothesis Aix) G 3^ so we have all the source terms F^j, Gk.i G y, as can be verified 
directly. 

Now, we compute lTl{Bi,Q(y)Q'^{yc)) in a similar way: 
III{Bi,oQc) = -0^(/:Si,o)' + Q"(3S;'_o + /'(0)Bi,o) 

(3/32^(3) _^ 3^^^5j'_^ _ ^3^(3) ^ 

+Q(3'(3S; - 3S; 0/3) + Bi^oQi^^ 
- -(/:Si,o)'Qe - Qc(3<o + f'{Q)Bi,o)S„,2 + {SB'lo + f'{Q)Bi,o)cQc 

~{3ai,oAlo + ai,of'{Q)Ai,o + 3yli,o<5™2)'Qc " (^ai,oA'{o + Ai,o5™2)(Qe)' 

+ c'{FkM + GkAQcy) + 0{cQl + Ql + c^Q,). 

3<fe+;<4 

Suppose now that 2 < fc + / < 4. Here we will use (IP) for + Z < 2 to discard several terms 
of a tedious but direct computation. Indeed, from Claim [9] we have 

iii(Afe,,Q^) - -g^(/:Afe,o' + (Qc)'(3<i + /'(Q)AM) 

+Q^(3/32^g + im.Ali - P^A^kl + cPA'^,i) 
+ (Q^)'(-cylfe,, - 6<;/3 - iA'^^.p, + iAl^iP^) 

+ (Q^)"(3<,-3<,/5) + A,,(Qc)^'^ 
= -Q^(/:Afc,0' + (Qe')'(3<i + /'(Q)Au) + A,,(Q^)(3) _ AuAQD' 
+ ^ /(Ffe-,,,gf +Gfe.,p(Q;!')') + 0(cQ3 + Q5 + c2Q,). 

(fc',i')eE^ 
(fe,i)<(fc',i') 

Here C is the set of indices of third order in . More specificaly, 

:={(1,2),(2,1),(3,0)}, E^, {(2,1), (3,0), (4,0)}. (137) 

The terms describing Fk' .v and Gk',v with {k',l') e are in 3^ provided (IP) is satisfied for 
every (fc, Z) e 
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Now note that from ([1^ 

TO + 1 p + 1 

We can finally conclude that 
lll{AujQl) = -Ql{CAk,i)' + (Q^:)'(3A',', + f'{Q)Auj) + (fc^ - f)A-,;c(Q^T 

TO + f 

(fc',i')es^ 

+0(cQ3 + g5+c2g,), 

where, as described above, the terms F^i and Gk'^v with {k',l') e are in 3^ provided (IP) is 
satisfied for every (fc, I) £ T,m\^'m- 

On the other hand, the terms of the form 

IIIiBkAQcY), (fc,OeE™, 2<k + l<A, (f38) 
can be treated in the same way as above, and we only write the final result (see the computation 
of III(_Bi_oQc) fo'" example): 

luiBkAQcY) = -iQ':y{CBk,iy + BkAQcY^^-BkAcQ';)" 

+ E /iFk',i'Q^' +Gk',i'{Qcy)+0{cQl + Q',+c^Qc) 

l<fc'<4 

= -{Q'^J{CBk,iy + c''{Fk',i>Q^' +Gk',i'{Q';'y) + 0{cQl + Ql+c^Q, 

(k,l)<{k' X) 

To obtain (I135|) and (I136P we only evaluate the expressions for IlI{Ak.iQc) and III(i?fe.;(Q^)') 
for each (fc, I) S with 2 < fc + L The final result follows from the sum of each term jQjf), 
III(i3fc_;((5jf)') for {k,l) e I]„i, discarding localized terms. This concludes the proof. □ 

The final term reads 
Lemma A. 6. 

IV = E c'(Q^(y,)F/J(y) + (Q^)'(y,)G(.^(y))+c30(Q,), (139) 

w/iere 

Fil = (Q)(2Ai^o + ^?,o))', Gil = ^[/"(Q)(2Ai^o + A?,o) + (/"(Q)(i?i,o + Ai,oBi,o))'] , 

and for {k,l) G S;„ ("see (H^), F^J , Gi^i depend on Ay , B^- ,v for [k'J') G with [k' ,1') < 
{k,l). Moreover, if Ak'.i' are even and Bk\i' are odd then F^Y '""^ odd and '^^^ even. 

Finally, suppose (IP) holds for {k,l) G Sm with k + I < 2. Then the only non localized terms 
for (fc, I) e Sj„ are given by 

FiX^O, GZ ^ ^riQA^A^^i + Bio) mody, (140) 

and 

F^^o=0, Gil = f"iQ)iA2,o-lBlo) mod 3^, (141) 
for the quadratic case, and 

GZ^lf^'\Q)A2,o mod 3^. (142) 

in the cubic case. 
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Proof. As above, first define IV := f{R + Rc + W)- f{R + R^) - f'{R)W. Note tliat, using tliat 
R Q{y) and R^ := QdVc), 

IV = {r{Q+Qc)-rmw+^r{Q + Qc)w^ + ^f'HQ + Qc)w' 

+^f^'\Q + Qc)w' + oiw') 
= [/"(g)Qc + ^/(') {Q)Ql + l.f^^'> {Q)Ql + 0{Qt)]W 
+\[nQ) + f^'\Q)Qc + \f^^\Q)Ql + 0{Qd^]W^ 

+\f'^'^\Q){\Qlw + \qIw^ + \qm' + ^w^) + O(Q^). 

Now, tlie final value of IV depends on the different values of m. We will proceed carefully in 
both cases. 

Case m — 2. Here we consider only up to third order, namely 

IV = \f"{Q){2Q,W + W^) + ]^f''\Q){QlW + W^Q, + ^W^) + 0{Qt) 
= : IV2+IV3 + 0(Q^). 
First of all let us consider the third order term IV3. A quickly computation using (|33p gives us 

QlW = A^^^Ql + \b,,^{QI)' + 0(c3q,), 

and 

W^Q, = Al^Ql + ^Ai^o5i,o(Qc)' + 0(c3g,), = Al^Ql + v4i,oSi^o(Qe)' + 0{^Q^). 

If we suppose Ai^ G y and Bi^ bounded (this is actually the case), we will obtain 

1V3 = f[^,^qI + (Gg^ + i/(3)(Q)i?i.o)(gD' + o(c3g,), 

where ^3^,0^,03^=' € y. Moreover, for p > 4, actually f^^\Q) - Q^l{e) G 3^, because of 

/(3)(g) = 6/i(e) +p{p - 2)£gf-3 + /f )(g). 

Now, let us compute in detail the term IV2. These terms above are important because they will 
give us source terms of second order. Now from the definition of W in ([33]) it is easy to check 
that, up to third order, 

Q,W = Ai^oQl + \biAQI)' + M,icQl + isi,ic(g2)' + A2.0QI + \B2fl{Qiy + Oie'Q,), 
and 

= Al„Ql + AiflBi^oiQlY + (2Ai,oAi,i + Blf,)cQl + (Ai,oSi,i + Bi^oAi^MQl)' 
+ (2^1,0^2.0 - IbIo)QI + ^(Ai,oi?2,0 + Bi,o^2,o)(Q^)'. 
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From here, 

IV2 = i/"(g)(2Ai,o + A2o)g^ + i/"(g)(Bi,o + ^i,oSi.o)(Qc)' 



+lf"mFS' + 2^2,0 - Ibi,)qi + IrmcZ' + ^b^^o + lA,^oB^,omy 

where for fc + Z = 3 it is satisfied -F/}'^ , G^^^ G 3^, provided Ai^ e y and Bi q is bounded (namely 
(fc,0 = (1,0) satisfies (IP)). 

Putting all this information together, and after derivation, we obtain (note that p > i and 

(/"(Q))' e 3^) 

IV = (IV2 + IV3 + 0(Q^)), 

= \{f"{Q))\l /3)(2Ai,o + Al,)Ql + i/" (0)(2Ai,o + Al,)'{l - ml 
+ i/"(g)(2Ai,o + Al,){Ql)' + \{f"m'{l - /3)(Bi,o + Ai,oSi.o)(QD' 
+ ^/"(g)(l - /?)(5i,o + Ai,oBi,o)'(Q?)' 
+F/JcQ^ + [G^^;; + i/"(g)(2Ai,i + Bl,)]{cQl)' 

+[Fil + /" (g)(^2.o - \bi,)\ {Qiy + [Gfo + /"(g)(^52,o + \a2,oB,,,)] {qD" 

= i[/"(g)(2Ai,o + A?,o)]'Qc 

+i [/"(g)(2Ai,o + Ai„) + (.r(g)(i3i.o + Ai,oSi,o))'] (g?)' 
+i^/Jcg? + [G^)( + l/"(g)(2Ai,i + s?^o)](cg^)' + HlQl 

+ [gZ + /" (Q)(^2.o - \bI,)\ {QlY + 0{c'Q,), 

where fi^V, G2^, i^g^g and Gg^ are J^-functions provided property (IP) holds for fc + Z < 2. We 
finally get the Lemma in the quadratic case, the decomposition (|139p . (|140p and (|14ip . with the 
desired properties. 

Case m — 3. Here we consider up to fourth order in our computations. First of all, we write 
IV = \r{Q){2QcW + W^) + ^f^^HQ){QlW + W^Q, + ^W^) 

+\f^'KQ)ilQlw + \qIw^ + \qm' + ^w^) + o(g^) 

=: IV2+IV3 + IV4 + 0(g-^). 



From now on, and for the sake of simplicity in our computations, we will consider that property 
(IP) holds for any (fc, I) G S3 and that Ai.o G 3^- We recall that in the cubic case, our correction 
term is given by 

W = Ai,oQc + BM + Ai,icQ, + B,^icQ'^ 

+A2,oQl + B2,o{Qly + A3,oQl + Bs,oiQ'J' 
+A2,icg2 + B2,ic{Qly + A4,oQt + Bi,o{Qty. 
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Let US first consider the term IV2. Note that 

Q,W = Ai,oQl + ^Bi,o{Qly + Ai,icQl + ^Bi,ic{Qly + A2,oQl + ^B2AQly 
+A3,oQt + Ji?3,o(Q^)' + 0{cQl + Ql). 

Using (fT28l) we get 

= Al,Ql + Bl,Q'^+Al,Qt 

+AiflBifl{Qly + 2Ai^oAi,icQl + Ai^oBi,ic{Qly 

+yli,ii?i,oc(g2)' + ^A2,oSi,o(Q;^)' + iA3,oi?i,o(g^)' + 0{cQl + Ql) 
= A\^Ql + Ai^oSi,o(Q^)' + (2Ai^o^ia + o)cQ^ 

+ (Ai,iBi,o + Ai,oBi,i)c(g2)' + 2Ai,oA2,og^ + ^(2v4i,oS2^o + ^2,oSi,o)(g^)' 

+ (2^1,0^3,0 + ^lo - o)Qc + ^(3^1.0^3,0 + A3,oSi^o)(gc)' + 0{cQI + g^). 
From here, and using the (IP) property, we get (note that f"{Q) E y) 

IV2 = ^r{Q){2A,,o + Al,)Ql + ^r{Q){B,,o + A,^oBi.o){Qly 

+ E c'(F/pg^- + G£^(g^)') + o(cg^ + gD, 

where S3 was introduced in (fTST]) . and F^J^Ciy G J^. 
Now we deal with IV3 . Here we have 

QlW = A.^oQl + Isi.oiQly + A2.oQt + \B2AQty + 0{cQl + Ql). 

and 

Q.W = A?ogc + ^^l.o5l,o(Qc)' + 2Ai,oA2,og^ 

+ i(2^i,oB2,o + ^2,oSi,o)(g^)' + 0{cQl + Ql). 

Finally 

= Al^Ql + ^Al^B,,o{Qly + 2Al^A2,oQt + ^(2A2_oi?2,o + A,,oA2,oBiMty 
+ ^B,^,Al,{Q'J + ^A,^oB,,oA2,oiQty 

+A2^oAl,Qt + ^A2,oAi,oi?i,o(g^)' + ^^?.oS2,o(g^)' + 0{cQl + Ql) 

= AloQl + Al„B,^o{Qly + iAloA2,oQt + ^(^?.o52,o + ^i,o^2,oSi,o)(gc)' 
+OicQl + Ql). 
From here, and using the (IP) property, we get 

1V3 = ^/<')(g)[^i?i,o(g;?)' + A2,og^ + ^(2yi2,oSi,o + s2,o)(g^)'] 

+ E c\FS^Q',+GZ-^iQ'!y) + 0{cQl + Ql), 
where S3 was introduced in pST]) . and F^J^Ciy e y. 
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Finally, fourth order terms are easy to compute: 

QlW = Ai,oQ^ + |Si,o(g^)' + 0{Ql + cQ3), 

QlW^ = ^toQc + ^Ai,oi?i,o(g^)' + 0{Ql + cQ3), 

and 

As we have supposed Ai.o G 3^ ((1, 0) satisfies (IP)), we will obtain 

IV4 = Fi^^Q^ + [Gi> + -L/(4)(g)B, o](Q4y _^ ^(qS _^ ^q3)^ 

where F/J^ Cg^ e 3^. 

We finally collect the expansions of IV2, IV3 and IV4. We derivate to obtain 

IV = (IV2+IV3+IV4+0(Q^)), 

i(/"(g)(2^i,o + A?^o))'Qc + \f^KQ)MAQ\)' 

+i [/" (Q)(2Ai^o + Al^ + (/"(Q)(i?i,o + ^i,oi?i,o))'] {QD' 
(fc,i)eS3 

where, as we have emphasized, Fj.'^ .G^Xi G 3^ provided Ak' ,i' , Bk' ,i' satisfy the (IP) property for 
(k', I') < (fc, I), as is the case. Here we have also used that (/"((?))', (f^'^HQ))' e y for all p > 4. 
The set S3 was defined in (|137p . 

Let us finally prove (v). From (i), the rest term £{t,x) is a finite sum of terms of the type 
c''Qciyc)f{y) or c\Q'^y{yc)f{y), where {k,l) ^ E^- More specifically, this means k + I > 4 for 
m = 2 and (fc, I) = (1, 2), (3, 1) or higher order terms (excluding (fc, I) = (4, 0)) in the case m — 3 
(see the definition of in Section [TT]) . Here / is a bounded function such that /' S y. Thus, 
we easily conclude, using Claim [H 

llf(i)llHHK) <^c3(^+3), 

as desired. This finishes the proof. 

□ 

Putting together Lemmas IA.3HA.6| we obtain Proposition lA.H in particular, the explicit ex- 
pressions of Fk.i and Gk.i for 1 < fc + / < 2. 

□ 

Appendix B. End of proof of Proposition 12.61 

Continuing with the proof of Proposition 12.61 we show now the existence of a nonzero residual 
term appearing after the collision. 

B.l. General computations. We proceed to compute the constants 62,0 rnore explicitly. In the 
course of the proof we will made use several times of the equations satisfied by the functions 
Ak,uBkj,ak,i for (fc,/) = (1,0) and (2,0), cf. gSD-gn]) for the system (f^i^o) and dHOll-lEIl) for the 
second one. 

Claim 11 (Explicit value of 62.0)- Suppose / as in ^TU\i . Then the following expressions for the 
&2,o coefficient hold. 
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(1) Case m — 2. 

b2M - -bl, + - I if'iQ) - 2)(1 + A.^of - 26i,o + ^ / Ai,o(l + Al,) 
[ QA^.o-^al, f Q'^ + Ulo f Q[Q-/'(Q)(l + Ai,o)] 
7^1,0 /[/'(Q)(l+Ai,o) + 3A'/,o]^i^o + ^ {si^o[3A'i_o + /'(g) / (Ai^o + ai.oQ)] 

(143) 



JR 



(2) Case m = 3. 



1 



- / /"(Q)(l + Ai^o)3- ai^o / /'(0)(l+Ai,oMi,o + Tai.o / ^'I'o 



«?.o / f'{Q)Q{l+Ai,o) + 3alo / Ai^oQ" 



(144) 



Proof. We treat first the cubic case, being easier. Let us start with ([55]) and ([55]) . In this case, 
we have a priori chosen ^2,0 G y, so that 72,0 = 0, and then from (|T7l) 



1 r 



ai,o / G2^oQ - ai,o / ^2,0^^ + / i^2,o^ + / 62,0 



hfi = - 



where -F2 — -^2,0, F2.0 G 3^- More precisely, 

F2,o ■■= ^/"(Q)(l + ^1,0)' + 3a? oQ" - ai,o(3<o + /'(Q)(l + ^1,0)). 
First, it is easy to see from ([55)) by using the (IP) property for (fc, I) = (1, 0), that 

/ G2.o = l I /"(Q)(l + ^i.o)'- 



(145) 



(146) 



and 



1 + oQi a-nd thus 



1 



ai,o / (i^2,o - G2,o)Q + / i^2,0^1,0 + ^ / /"(Q)(l + Ai,o)2 



Secondly, from 

&2,0 

It is clear that 

ho - G2,o - lal.Q" + ai,o[^<o - /'(Q)(l + ^1.0) + ^Bi'l + ^(/'(Q)i?i,o)'] 

-^(/"(Q)(l + ^i,o)i?i.o)'. 
From here, after several integration by parts, 



(i^2,o — G2,o)Q — ^2^1,0 



+ ai,o /J2<,o-/'(Q)(l + ^i,o)]Q 



--ai,o / Si.o[3Q" + /(0)]' + - / Bi^o(/'(0))'(l + ^i,o) 



+ ai,o /J-A'/^o-/'(Q)(l + ^i,o)]g 



+ 2 / i3i.o[(/'(0))'(l + Ai,o)-ai,o(3Q-2/(Q))'] 



(147) 



But from (£(1 + Ai,o))' = (1 - f'{Q) + /:Ai,o)' ^ -ai.o(3Q - 2/(Q))'. On the other hand, 
expanding (£(1 + Ai,o)y, we get 

(£(1 + Ai,o))' = -4'^ + ^'1,0 - (/'(Q))'(i + ^1,0) - /'(g)A'i,o. 
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From here, the quantity in front of Bi q in p47p is nothing but £A[ q. Coming back to p47p . and 
using the equation for Bi^q (|46p . we obtain 

/ (A,o-G2,o)Q = -^a?,o / Q" + ai.o [ [^A'/,o - /'(Q)(l + Ai,o)]g - ^ / Ai,o(/:Bi,o)' 

Jr ^ Jr ' Jr 

-ai,o / /'(g)g(l + Ai,o)- ^ / /'(Q)(l + ^1,0)^1,0. (148) 



2 

Finally, an easy computation shows that 

^^2,0^1,0 = i^/"(g)(l + Ai^o)'Ai,o + 3a?^o j^^i.oQ" 

-ai,o / [iAlo + /'(g)(l + ^i,o))^i,o (149) 
Jr 

Collecting pi5)l and (HH]), we get 

b2M = i //"(g)(l + Ai,o)=^-^ai,o //'(g)(l + Ai,o)v4i,o + ^ai,o / Afo 

-^«?,o / /'(g)g(l + Ai,o) + 3a2_o / A,^oQ"-lalo f Q'^. 

as desired. 

Let us treat now the quadratic case. The procedure is similar, but more involved. Now we 
assume that 72.0 = ^5^1 Proposition [2?6] (i), and consider ((58|) - ((59)) . We get 



, 1 



-bio f (F-ai,oP)+ / F2,o I iai,oP-P)+ f 62,0-^1,0 / G2,oC 
^ Jr Jr Jo Jr Jr 



Now several remarks. Note that from (|^5)) and the definition of P in (|38p we have P ~ ax^P — 
^1,0 + ai.og, and from (|49)) . 



/ (P-ai.oP) = 261.0. 

JR 

Second, note that from 5i^o = ilhn±oo and lim±oo f"{Q) — 2, 

/ G2,o-^ / (/"(g) -2)- / Ai,o-46i,o + ^ / f"{Q){2Ax,o + Al,). 
On the other hand, from (|52|l. ^2,0 = -P2.0 ~ f'{Q)Bifl, where F2fi G 3^ and is given by 
^2,0 := -(3Ai,o + 3i?;_o) + ^/"(g)(2Ai,o + ^lo) 

-ai,o(3A'(o - g + /'(g)(l + Ai,o)) + 3a?,oO" + ^ifiQ) - 2)- 

Thus, 

f F2.0 f {auoP - P) = f F2.o{P~ai,oP)+ f f'{Q)Bi,o f (P-ai^oP) 
Jr Jo Jr Jr Jo 

= f F2.o{Ai,o + ai,oQ)+ f f'{Q)Bi^o f {Ai,o + ai,oQ). 
Jr Jr Jo 

Repeating the same computation for the cubic case, we obtain 

/ g(i^2,o - G2,o) = -2 / g^i,o-^a?.o / g" + ai,o / g(^A'/_o + g - /'(g)(i + ^i.o)) 

JR JR ^ JR JR ^ 

/ [/'(g)(l + ^i,o)+3A';o-3ai,og"]^i.o, 
^ Jr 
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and 



/ ^^2,0^1.0 - - / Ai,o(3Ai^o + 3B; o) + i / f'{Q){2A,^o + Al ^)A,,o + 3al o f QMi,o 
Jr Jr ^ Jul Jr 

-ai.oJj3A% ~Q + /'(Q)(l + Ai,o))^i.o + ^ Jjf'iQ) " 2)^i.o. 
Collecting the above identities and after several simplifications we get 
b2,o = -Ibl, + -( ifiQ) - 2)(1 + A.^of - 2&i,o + 1 [ Ai,o(l + Al,) 



-Ui.o [ QA,,o-^aU [ Q" + Ulo I Q(g-/'(g)(l+Ai,o)) 
4«i.o / [/'(Q)(l + ^i,o) + 3A'igAi,o + i /bi,o[3A'i_o + /'(Q) / (Ai,o + ai.oQ)] 



+30^ / QMi.o. 
Jr 

The proof is now complete. □ 

The objective is now to give the first order terms for the coefficient 62.0- For this, we consider 
separate cases. It turns out that computations in the cubic case are easy to carry out. We first 
deal with this case. 

B.2. Cubic case. The objective of this paragraph is to prove the following 
Lemma B.l (Asymptotic expansions, case to = 3). We have 

^2,0 = hl^e + o(e). 

where 

In particular, for any p> A, 62.0(E) 7^ provided < jej < Eq for eg small. 

First of all we start with an auxiliary 

Claim 12 (Asymptotic expansions, basic functions). Suppose / as in (P^ . p > 4. The following 
asymptotic expansions hold. 

(1) The soliton solution Q can be expanded as 

Q = Q° + £Qi+o(e), o{e)ey, (151) 
where and satisfy the equations 

-(Q°)" + g°-(Q")' = 0, /:°gi :=-(Qi)" + Qi-3(Q")2Qi = (Q")P. (152) 
Finally, 

/(Q) - (Q")' + e(3(Q°)2gi + (Q°)^) + o(£), 

f'{Q) = 3(g")2 + e(6g"Qi + p{Q°y-^) + o(e), (153) 
f"{Q) = 6Q0 + e(6gi + p{p - l)(Q")f-2) + o(e), 

where every term o(e) G 3^ uniformly in e < eg- 

(2) The operator C satisfies 

C^C° ~e[QQ''Q^ +p{Qy-^]+o{e), £" = -9^ ^ 1 - 3(Q*')^ (154) 

(3) From ([551) . I|39p and the test functions P, P and P satisfy the following relations 
f AQ = AQO + eAgi + o{e) e y where Ago := i(x(g")' + Q°), C^'AQ" = -Q°; 

\ and £°Agi := (6g°Ago - i)gi + p(gO)p-iAgo. ^ ' 
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Moreover, the following identities hold 
/ AQ° = 0, 

JR 

/ AQi - /[-1 + (Q")2 + 6Q"AQ"-6(Q°)3AQ°]Q' 
Jr Jr 

+p /(gY"'AQ"(i-(QY)- (156) 



(4) Integrals. For any p > 1, 

1 +P 

(5) Let 13(e) = /jjAQQ. Then 

D(e) = l + 0(e). (158) 

(6) Inverse functions. The following identities hold 

/:"(a;Q"(Q")') = -4(g°)2 + 3(Q")4 - 3a;Q°(Q")'(l - iQ"f), (160) 

/:"((g0)4) ^_15(Q")4 + 7(gO)6_ (^g^) 

Proof. First of all, (|15ip - (|154p follow by Taylor expansion in e. Concerning (|155p . it follows from 
(fT5T|) - p^ . Let us see p^ . From the definition of r^AQi and the identity C°iQ°)^ = -3((^")^ 
we have 



/ £OAQi = / AQi + / (Q")2/:"Agi, 



thus 



/aq1= / [1 - (Q")2]/:0AQ1 = / [l-(Q")2][(6Q"Ag°-l)gi+p(g°)''"'AQ"], 

JR JR JR 

where we obtain (|156p . 

To obtain (|157p we use integration by parts and the explicit function Q^{x) :— ■ 
We prove (|158p . It follows from the fact that 

Q°Ag° = i j/r^^Qyy + - \ - 1- 

Finally, (|159p - (|16ip are obtained by simple differentiation. We left the proof to the reader. □ 

Claim 13 (Asymptotic expansions, case m = 3). The following expansion hold. 

ai.o = a?,o +eai[ o + o(e), a? „ = 0, 
< ^i,o = AOo+£A}.o + o(£), o{e)ey, A%^-{Q°)\ (162) 
^i?i,o = B% + eBi\o + 0(e), q = -2^° - |V2^(gO)'. 

Here a\ g := j^h.Q^ and A} q, q satisfy the following linear system 

r (£"A},o)' + ai,o(3go - 2(go)3)' = ((egogi +p(g")?'-i)(i + a%))\ 
\ {c°Bl,y + 3aho(go)" - 3(A}^o)" - 3(g")2Ai,„ ^ (egogi +p(g")''-i)(i + a%). 

Proof. We start with the zeroth order system. From (l45l) - (|46l) and using Claim [T2l we get 

r {C^A%)' + a%i3Q" - 2(g")3)' = (3(g°)2)'. 

\(£0B,%)' + 3a%iQr - 3{A%r - ^ 3(gO)^ 

It is easy to verify that a% = 0, A° „ = -(g°)^ G y and = -2if° - |\/27r(g°)' satisfy this 
system with the required properties. In particular. 



(163) 



/ B%iQ°y = 0. 

JR 
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Concerning the system (|163p . it follows directly from (|5D|) - ([5T|) and using Claim [T^l We will not 
solve this system explicitly, but we only compute the constant a J q. 

Indeed, from (|17|) and Claim [T^l we have oi^o = o + + where 



This finishes the proof. 

We finally prove Lemma [B. II 
Proof of Lemma \B.l\ From (|144p and (|162p we have 62.0 = ^20 + ^^2 + ^{^)^ where 



□ 



1 



b% = 7 / 6g°(l + A%f = - / 6Q°(1 - {Qyf = 



and 



hi. = 7 / (6Q^+p(p-i)(Q"r^)(i-(QW + ? / g°(i-(Q"f)Xo 



From p59p . the selfadjointness of the operator C'^ and by using (|163p . we get 



Q°(l-(QY))Xo 



(-3x(Q°)'-5Q° + 2(QO)3)/:"A}_o 
= -al^ f {3x{Q°y + 5Q0 - 2(Q0)3)(3Q0 - 2(Q")3) 

(3x(Q0)' + 5Q° - 2(Q0)3)(6Q0qi + p(Q")p-1)(1 - (Q°)2). 



Therefore, 



Qi(l - {QY)[1 - 2(Q")2 + _ 3Q"(3x(g°)' + 5Q" - 2(Q°)3)] 



+^ / - iQ°f)[{p - 1)(1 - 2(Q°)2 + (Q°)^) - 3Q0(3x(Q0)' + 5Q" - 2(Q")3)] 



3 

+ 4 

Note that, from P77)l 



P I (q0)p-2 

AQi [ / iMQ")' + 5Q° - 2(Q")3)(3g° - 2(Q0)3) + 3 / (g°)4(5 - 3(Q°)2) 



(3x(Q")' + 50" - 2(g")')(3Q" - 2(0")^) + 3 / (Q")^(5 - 3(g")^) = 2, 



thus from (|156p we get 
3 



62,0 



gi(i - (g°)')[-i4(g")2 + kq^ - GxQ^iQ")'] 



+7 / (g°r'(i - (g°)')[(p - i)(i - 2(g°)' + (g°)^) - 3g°(3a;(g")' + sg" - 2iQy)] 
+|p/(g°r'AgO(i-(gY) 

Finally, from (fT60)) . (fT6T|) and the identity /:°(g°)2 = -3(g°)2, we have 

£"[2(g")2 - + 2xg°(g")'] = (i - (g°)')hi4(g0)2 ^ _ Q^qo^Qoy^^ 
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Using the selfadjointness of C'^ and the equation for in p52p . and after integrating by parts, 
we conclude that 

bio = U {Qymy - + '^^q^q')') + Ip f [Qy-'AQ^ii - (Q'r) 

+^ / - {Q"f)[{p - 1)(1 - + {Q°)') - 3Q°(3x(Q0)' + 5Q" - 2(Q0)3)] 



0\p+2 



Finally, from (I157p . and after some simplifications. 



The proof is now complete. 



(p-l)(p-3)(p2_3p- 



2)(p+l) 



(Q 



(164) 
□ 



Remark B.l. Note that even though the higher regularity needed in our results (/ G for 
m = 3) , we are able to take, at least formally, the limit p J, 3 in (|164p , recovering the results from 
the integrable case (that is, b^ Q = 0). This gain of regularity comes from ([M)) and (|144p : for these 
identities, we only need / e C"^(R). 



B.3. Gardner and quadratic nonlinearities. These two nonlinearities are very similar to han- 
dle. Although computations are harder for the Gardner nonlinearity, a simple trick will allow to 
link both results. As a consequence, we are reduced to consider only the quadratic case. 

Finally, recall the soliton Q^^i introduced in ([5]), well defined for /i < |. Given /i, e R, 
/2 < I and ly small enough, let be the defect (possibly zero) associated the the nonlinearity 



vs^, namely 



b2.o{U.u) + g&?,o(//i-)- 



(165) 



We following reduction Lemma is the key ingredient of the proof. 



Lemma B.2. 

Let d{e) be the defect parameter introduced in HSGfl for the nonlinearity f{s) described in 
m = 2, and let djx^i, be the defect introduced in I1165\) . for jl, v small. Then the following properties 
are satisfied: 



(1) For all /2 < | , G M small, d^.j, is a smooth function of /i, i/ and for all fi < 

dfj^fl = 0. 

(2) Given e small, let fi = ^{e) and v = e. Then the following expansion holds 



(p - 3)(2p - 1)(48 - 46p + 6p2 + Ap^) 



72(p2_l)(p_2) 



for all \e\ < Eq and p > 3. 
(3) The following expansion holds 

dis) = 



as e 



2cosh^(a;/2) 



0. 



+ o(e), 



(166) 



(167) 



(168) 



Proof of U6^) . This is an easy consequence of the definition of / in (|2ip . and the fact that f{Q) = 
fij.{e),e{Q) + '-'(^)i with o{e) G y. In particular, the soliton Q and each term ai^oj ^i,0: ^i,Oj -Si,o 
and 62,0 depends smoothly in e and can be expanded in a similar way. □ 
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Proof of m66]) . The smoothness is a direct consequence of the formula for 62,0 i^i Claim [TT] and 
61.0 in (|49|) . We have to prove that for all /2 < |, 

62,o(/m.o) + i6lo(/A.o) = 0, 
In order to prove this identity, we claim the following 

Claim 14 (Basic functions). Let Q° Qji,i be the soliton for the Gardner equation. Then we 
have 

(1) The soliton solution Q'^ satisfies 

-(Q°)" + Q° - {qy + my = 0, = 0, 

where £" := -da^^ + 1 - (2Q" - SfiiQ^)- 

(2) From the definition of Q'^ , we have 

i(.(g7 + 2Q°) + |§ 

Moreover, 

9 



AQ°:=^(a;(gO)' + 2Q") + fi(3Q"-(Q")2), C°AQ^^~Q^. (169) 



P^' ^R " " 2p2 

(3) Resonance functions. Define (p^ := — ^ gy-* . Then 

(/)' = ^Q°-f(QY, (/)^ = i-^Q" + f(Q°)^ (170) 

(4) Integrals. For any p > 1, 

Jr 3(1 +p) 7k P + 1 7r 

Proof. A direct computation, see e.g. Claim [12] for a similar proof. □ 

Now we proceed to give the explicit value the constants and functions related to system (£7 1^0)1 
see (l45])-(l46l). 



Claim 15 (Resolution of (ili.o) for the Gardner equation). Denote by (oj* q, q, q) the solution 
of the linear system (fii^o), for the Gardner nonlinearity. Then we have 
,0 



b% = hm+oo Bio = -2, 



with 

3/2(4(Q")^-3/i,Q°) _ 10 
(3A-1)/m(W + /mQ° 3 



Remark B.2. It is remarkable the similarity among the functions solution of the Gardner system 
(rii_o) and the corresponding ones for the quadratic nonlinearity (let /i — s- 0). 

Proof. First of all, the explicit value of (a° q, A\ q, -B? q) comes from a straightforward verification. 
More precisely, this triplet is a solution of the zeroth order system 

r {C'^A%y + a?,o(3QO - 2(Q0)2 + 2fi{QYy = {2Q° - 3m(Q°)^)', 
\{C°B%y + 3a%{Q"y' - 3{A%y' - (2Q" - 3fi{QY)A% = 2Q" - SHQ^, 

which comes from (j45l) -(j46 |) . In particular, we choose ki.o such that /jj q((3*')' = 0. The value 
of bi comes from the fact that 6" q = — 2 lim+00 f'^ = —2. On the other hand, from (f49|) . one has 



•J JR ^ JR 



□ 
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Now we are able to prove (I166p . (Note that this is also a consequence of the integrability of the 
Gardner equation.) First, we claim that 

3{A%y + (2Q° - 3fi{Q°f) /'«o + <oQ°) = H^U)' - 2(2g" - 3A(Q°)')/ = 0. 



This is an easy consequence of (|170p and the values of of Af q and a° q- Consider now the expression 
for ^2,0, TO = 2 in Claim [TT] Note that the term containing B^q disappears. Replacing the values 
of al Q and q, and using the recursive formula (|17ip . we have 



-i / [(2Q°-3A(QY)(1 + <o) + 3«o)"]<o 



1,0 



2 

3''^''"' 2^ 7r-^ ^ 2 ^" 9']^'-^ ' ■ ^ 2^ ■ 3^^ 9 
^ •j jr ^ jk ^ jr ^ jr 



3 ■ 9 7r 3 

= \h%{^-{b%f) = Q. 

This proves p^ . □ 

Proof of {16T\l . The proof of (|167p is a consequence of (|166p and the simple relationship 

dj:,^i, = d/i.o + vdi^djx^^ + o^{v) = v(dydn.y + o^(l)) + o^(z^), 

valid for any /i, 1/ S R small enough. This result says that, in order to prove (|167p . we only need 
to compute the defect for first order expansion in v of the quadratic nonlinearity /(s) = + vs^ , 
p > 3. Then we use the fact that fi — /i(e) ^ £i/(p^2) ^^^^ jy — g to conclude. Consequently, in 
what follows we are reduced to prove that d^do^i, ^ for all i/ small enough. □ 

Claim 16 (Asymptotic expansions, case m = 2, basic functions). Suppose now /(s) = /o,i/(s) = 
s'^ + i^s^. Let Q'^{x) — 2cosh^(a/2) ^® ^'^^ soliton solution for the quadratic case. Then the following 
asymptotic expansions hold. 

(1) The soliton solution Q for the nonlinearity / can be expanded as 

Q = Q'' + ,^Q^+o{iy), o{i^)ey, (173) 
where satisfies the equation C°Q^ := -(Q^)" + - 2Q"Qi (Q")p. We also have 
f{Q) = {Q'Y + + 2Q°Qi) + o{v), 

f'{Q) = 2Q0 + v{2Q^ + p(QO)P-i) + o{v), (174) 
/"(g)-2 + j.p(p-l)(Q")f-2+o(i.), 

where every term o{v) e 3^ uniformly m. v < small. 

(2) The operator C satisfies 

£ = /:° - v[2Q'' +p{Qy-^] + o{v). 

(3) From the definition of Q, we have 
kQ = KQ'^ + vkQ^+o{v), C°AQ^ = -Q^ + {2Q^+p{Qy-^)AQ°. (175) 

(4) Let D{iy) := J^AQQ- Then 

i?(i^) = l + Hf ^Q^Q° + I ^Q°Q^) + o{iy). (176) 
2 Jr Jr 
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(5) Inverse Junctions. We have 

/:0[1-^AQ°] =1-^Q°. (177) 

[(1 - Q")(l + \x^Q^) - Q"] = 1 - ^AQ" + liKQy. (178) 

£°[ - 5 + - 6AQ"] = -5 + 16Q" - f (Q")'- (179) 

£0 [2 + |aq" - ^QO] = 2 - |gO + ^(Q")^ (180) 

Proof. First of all, (|173p - (|175p are a direct consequence of a Taylor expansion of the considered 
functions. The expression for (AQ°)^ comes from a simple computation. 

The expansion of D{h') in (|176p follows from a Taylor expansion and the fact that 



2 



Finally we prove (fTTS]) . ([17^)1 and p^ . These follow from the identities £"1 = 1- 2Q0, C^Q^ = 

-(g0j2, rOAgO = -go, /:0(^2g0) ^ _2gO „ 42;(Q0y _ a;2(Q0)2^ ^j^d 

/:0(x2(g0)2) = -2(g0)2 - 8xgO(gO)' - ix^Q'^f + ^^^(g")^ 

This finishes the proof. □ 

Now we proceed to give an asymptotic expansion of the constants and functions related to 
system (rJi,o), see (|45 l) - (|46l) . 



Claim 17 (Asymptotic expansions II, case m — 2). There exists i^o small enough such that for all 
I'^l < t'Oj the following holds. Let /(s) — s"^ + vs^ , then the corresponding solution to the system 
(fii^o) for this case can be expanded as follows: 

2 4 

aifl^ ^ + ya\^Q + o[v), Ai,o---g" + J^v4J o + o(z/) g3^, 6i,o = ~2 + fo^o'^ + o(i^), (181) 

where v^^o{v) as — s- and A} q e 3^ is a solution of the following linear equation 

{C'Al,y + ai,o(3g" - 2(g")2)' = [p{Qy-' --^{p- l)(g")P]', (182) 
Finally, the following two expressions are satisfied 

(gO)P, (183) 



9 
and 



1 _ lr(p-3)(2p-l) 
'^i.o 



p+l 



Proof. The proof of (fTM|) and (fT5^ is direct from Claim [Hand (|151)-(|ini). To prove first 
note that from Claim [TBI 



(1 - Iq')AQ' - I I Q'AQ' 



[1 - -AgO][-gi + (2gi +p{Qy-^)AQ"] 



4 
27 



g^Ago 
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Thus from (|178p and Claim [11] (i) , we get after integration by parts 

- I liQy^' [MO°(i - ^AQ°) - Q"(l - g°)(i + Ix'Q') + [Q^] 



'■1,0 



{Qy-' [{P l)Q" + (2 - lp){Q'f + |x(Q°)' - ^pxQ'iQ")'] 



ip-^) I iQy+i---p-- 



4 1 



10 4 



) / (Q°r+' 



x^Qy+'[{p + l)-il + -p)Q'] 



Now, recall that from the equation satisfied by go, = 
so that 



/ x'iQ'r'[ip + l)-il + lp)Q"]^^ f x^[(Q°) 
Jr 3 P+l Jr 

In conclusion, from (|17ip . 



0\p+l 



2 r 



'■1,0 



ip-^) I {Q'r + i^-^P- 



10 



Q\P+1 



p+l 

lr(p-3)(2p-l) 
9 



p+l 



3 3" p+l 
as desired. Finally, from (^5]) we obtain (|184p . 

Now we deal with the second order system {ft2.o) written in ((50|) . ((5T|) . (|52p and ((53 
Claim 18 (Asymptotic expansions III, case m — 2). The following identity holds 

-(j3 - 3)(2p - 1)(24 - 23p + 3p2 + 2p^ 



□ 



36(p2-i)(p-2) 



for all p > 3. 



Proof. The proof of the above result is equivalent to prove that for the nonlinearity /o.iy(s) 
+ pLS^ , p > 3 and v small, we have 



{p - 3) {2p - 1)(24 - 23p + 3p2 + 2p^ 



36(p2„i)(p_2) 



{Qy + o{v). 



First of all, note that we can expand 62,0 = + ^^2 "I" with g 



(cf. 



], Lemma 



3.1). By considering (|143p in Claim[TTl Claim [TBI and expanding at first order in v, we get 



bio 



\,, + U{p 1) / {Qy-Hl + A%f + / AUl + i{A%f) - / 



•J JR J JR JR y JR 

+ l<o I - 2(1 + A%)) + 11 Q°gi(l - 2(1 + A%)) 

+1 1 g°[Qi-2QXo-(2Q'+p(Q°r')(i + <o)] 

» jR 



3 1 



a}.o / [2Q°(l + <o)+3«o)"]<o 



[2Q"(l + A%)+3«o)"]^},o 



-- / [(2Qi + p(g°)P-i)(l + A%) + 2g"A},„ + 3(A},„)"]A% 



+7T / s?o(2gi+p(g°ri) / (A"+-g°) + - / bIma\.o)' 



+2g" / (A}_o + a}.og" + ^gi)] + Aa^, I {QyA% + ^ I {Q^ A% + ^ I [Q^' A],. 
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Now we arrange the above expression according to a^ g, ^^ g, Q^, foJ o' -^1,0 ^^"^ ^^^^ terms. 
We obtain, 



bio 



^3 P 
3 



(Q°r^(i + <o)(^<o + ^Q°) 



where 
Fa 



+p I B%{Qy-\Q^)'+ f B%Q° r^lo + l I Al,FA + 5al,+ f Q'Fq 

JR JR JO ^ JR JR 

"5 JR JO 



-3«g)' + ^(QT; 

^ JK JR J jR 



(2g" + 2Q-M-\o + 3K,g)"K,o+4 / (Q")"<o 



and 



^^Q := -^^?,o + \iQy + 2A?,o) - (1 + A%)A% - 2^"S?^„ + \{A%)" . 



Note that we have used that 



B°o(Q°)' = 0, / (A% + ^Q") = -2^o. 



(185) 



Now we use the expressions (|183l) and (|184p in Claim [T7] to have 



12 



14 



20 



p / (g")''-i [2 - -Q° + -(g°)2] + - / Al, 5 + leg" - -(g°) 



^2,0 + 2fo} 



+ |^gi[2-|g° + ^(gY 

Note that we have also made use of (I17ip with fi — Q to obtain 



<o + 7Pip 1) / (Q°r'(i - ^Qy + 1 1 (Q"n^ - -.Q") 



68. 



3 g° 



+ / g"(g") 



(g")^(i + 2A" ) 



-| / (2g° + 2gXo + HA%r)A% + 4 / {QrA% ^ 

^ JR Jffi 

Using pTg]) . and (fT^ . we have 

blo + ^bl, = ~Y<o + \piP-^) + | Ij^'^'^^'t^'^ 



a}^o(3g" - 2(gO)2) +p(gO)j'-i - l(p - i)(gO)f] [ - 5 - 6AQ° + ^g" 



20 



170 



+ /_ {Q'r 2 + -Ag° - — g" + p / (g"f -1 [2 - -g° + -{Q^] . 



14 



20, 



A simple computation using (|175p and p7ip with /t = shows that 

/ (sgo - 2(g°)2)(-5 - 6Ag° + f g") = -f . 

Jr 9 5 
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Thus, replacing the value of a} q given by (|183p . 

7 r(p-3)(2p-l) 



18 



P- 



1 



(Q 



4p 



-ip(P-i)/(<3») 



1 

+ 2 
+2 

Simplifiying, we get 

bio + 2fo},o - - 
A 13 



4 



10 2p + 1 

T P + 1 



; 27 



(Q")^(i-3Q") 
p/(Q°ri[2-^gO + ^(QO). 

- 5 - 6AQ° 



68 



170 



7 (p-3)(2p-l) 



18 
4 



1 



{Qy + ip{p-i) 



-y) 



1 



16 



3p+l 27 



Using (|17ip with fL — and the fact that p > 3, we finally obtain 



&2.0 + 26}n = 



7(p-3)(2p-l) , 1 (2p-l)(2p^3) 1 l, (2p-l) 
P 1 — ^ oPiP^o)— — T" 



P 



1 



y^+3^) + T 



36' 
3p 



32 



P 
16 

^6 9" ■ 3" ' ■ l + 2p' 27^27 
{p - 3)(2]9 - 1)(24 - 23p + 3p2 + 2p^ 



3" 
2 1 



36(p2 - l)(j9- 2) 



3p 

{Q"r- 



2' 
16 

T " 27^ 



p') {Qr 



(186) 



Let us define, for p real, f{p) := 24 - 23p + 3p'^ + 2p^. Then we have 

/(p) > 36 for all p> 3. 

It is clear that this last affirmation allows us to conclude the proof. Let us prove (|186p . Note that 
/(3) = 36 and f\p) is given by f{p) = Gp"^ + 6p - 23 > for all p > 3. This implies p86l) . The 
proof is complete. □ 

Remark B.3. First of all, note that in the above expression we recover the integrability condition 
of the Gardner equation (p = 3). Furthermore, note that this term is divergent when we formally 
take the limit p I 2 and the equation approaches the integrable case. This can be explained by 
the higher regularity needed in our results (/ £ for m = 2), to justify the asymptotics. Indeed, 



from ([52]) and ^43]) we need at least / e C^{R), and f{s) 
p > 2. In addition, the terms in ([52|l. ([53| 



vanish in the integrable case m 
2.1 and Lemma 3.1 in [Ml. 



esP is not C"^ at zero as p | 2, 



i(/"(g)-2)', i(/"(Q)-2), 

p = 2. For the computation in the quadratic case, see Proposition 
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